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THERMODYNAMICS 

BOOK  I.  THE  PRINCIPLES  OF  THERMODYNAMICS  : 
PRINCIPLES  OF  THE  THERMODYNAMICS  OF 
BODIES  SUBJECT  TO  ANY  MECHANICAL  FORCES 

CHAPTER  I.     THERMODYNAMIC  CHANGES  OF  STATE 
i.  Thermometry 

One  of  the  most  fundamental  concepts  employed  in  the 
study  of  physical  phenomena  is  the  concept  of  the  tempera- 
ture* of  a  body.  We  distinguish,  through  touch,  between 
i  hot '  and  '  cold '  bodies.  A  block  of  ice  feels  '  cold '  •  the  air 
in  the  evening  feels  '  cool ?  ;  a  cup  of  tea  feels  '  lukewarm '  • 
we  boil  it,  and  it  feels  l  hot.'  We  thus  establish  a  qualitative 
scale  of  the  degrees  of  hotness  or  '  temperatures '  of  bodies. 

Any  measurable  physical  property  of  a  body,  that  is  a  con- 
tinuous, uniform,  and  increasing  (or  decreasing)  function  of  the 
degree  of  hotness  of  the  body,  is  a  thermometric  property  of 
the  body.  By  serially  numbering  successive  values  of  a  ther- 
mometric property  of  a  given  body  —  of  a  '  thermometer/ — 
an  arbitrary  quantitative  scale  of  the  temperatures  of  the  body 
is  obtained.  For  each  temperature  is  thus  associated  with  a 
definite  number.  This  renders  it  possible  to  bring  the  body 
at  any  time  to  any  accessible  assigned  temperature.  Instances 
of  thermometric  properties  are  the  length  of  the  thread  of 
mercury  in  the  capillary  tube  of  an  ordinary  mercury-in-glass 
thermometer,  the  electrical  resistance  of  a  strip  of  metal,  and 
the  pressure  of  a  mass  of  gas  enclosed  in  a  receptacle  of  con- 
stant volume.  With  reference. to  the  arbitrary  scale  of  any 
given  thermometer,  the  temperature,  when  uniform,  of  any 
body  can  be  determined  by  allowing  temperature  equilibrium 
to  become  established  between  the  body  and  the  thermometer ; 
since  it  is  observed  that  contiguous  bodies  having  different  tem- 
peratures come  spontaneously  to  a  common  temperature. 

*  For  a  most  interesting  and  penetrating  historical  and  critical  discussion 
of  thermornetry,  see  Mach,  Warmelehre,  pp.  3-77.  Leipzig,  1896. 
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A  scale  of  temperatures  established  by  arbitrary  graduation 
of  a  given  thermometric  instrument  cannot  be  reproduced  in  the 
absence  of  the  instrument.  A  reproducible  scale  is  obtained  if 
the  temperature  is  defined  by  any  uniform,  analytic,  and  in- 
creasing (or  decreasing)  function  of  a  chosen  thermometric  prop- 
erty of  some  substance,  i.  e.  if  it  is  defined  by  any  convenient 
relation  connecting  the  temperature  with  the  chosen  property. 
The  scale  of  temperatures  of  the  '  constant  pressure  gas-ther- 
mometer '  is  such  a  scale.  This  scale  is  suggested  by  an  experi- 
mental observation  made  by  Gay-Lussac,  and  is  established  in 
the  following  way. 

Gay-Lussac  observed  that,  when  any  given  mass  of  any  one 
of  the  more  permanent  gases  is  brought  from  any  given  temper- 
ature to  any  other  given  temperature,  under  any  relatively  low 
constant  pressure,  the  mass  expands  very  nearly  the  same  fraction 
of  its  initial  volume.  More  briefly,  the  relative  thermal  expansion 


of  the  gas  is  very  nearly  independent  of  the  pressure.  In  par- 
ticular, the  expansion  between  the  freezing  and  boiling  temper- 
atures, TO  and  TIOO,  of  water  is  a  little  over  one-third  the  volume 
at  the  lower  temperature ;  or,  more  exactly, 


-°=  0.366. 


If  we  elect  to  measure  differences  of  temperature, 


by  setting  them  proportional  to  the  corresponding  relative  ex- 
pansions, we  shall  obtain  a  readily  reproducible  measure  of 
temperature  differences.  And,  in  so  far  as  the  law  of  Gay- 
Lussac  is  true,  this  measure  will  be  independent  of  the  specific 
properties  of  the  thermometric  gas.  We  shall  thus  have 


T  ,  -  "~"» 

~      0>  ~~          « 


and  the  numerical  value  of  the  temperature  of  reference  TO  will 
remain  arbitrary.  In  this  formulation,  the  proportionality 
factor  k  is  the  relative  expansion  of  the  gas  per  degree  of  the 
proposed  scale  of  temperature  differences. 
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If  the    unit  difference   of  temperature    be  determined   by 
putting 

^,00-^=100, 

the  value  of  k  will  be  determined  by 


fc.100  =  0.366 
k  =  0.00366 


Hereupon,  the  general  equation 


becomes 

T  — 


273  v0 


which  equation  expresses  the  proposed  measure  of  changes  of 
temperature  by  means  of  thermal  expansions. 

The  scale  of  temperatures  is  now  most  simply  determined  if 
we  arbitrarily  set 


TO=  273. 


For  this  reduces  the  general  equation  to 


«•.  v 


whereupon  the  general  temperature  is  defined  by  the  relation 

273 


it  is,  by  definition,  proportional  to  the  volume  of  the  mass  of 
thermometric  gas.* 

*  It  is  important  to  understand  that  this  definition  of  the  function  r  is 
perfectly  arbitrary.  It  can  be  replaced  by  any  other  uniform,  analytic,  in- 
creasing function  of  the  thermometric  property  v.  The  definition  given  is 
naturally  arrived  at  in  the  manner  indicated  ;  and  it  has  a  particular  inter- 
est because  of  the  fact  that  it  is  in  common  use. 
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Since  equal  volume-increments  of  the  gas  expanding  under 
a  constant  pressure  determine  equal  increments  of  the  tem- 
perature T,  it  appears  that  changes  of  temperature  on  this  scale 
are  measured  by  the  quantities  of  work  developed  by  the  ex- 


Av    Av    Av 
FIG.  1. 

panding  gas.  The  definition  of  the  scale  establishes  a  sort  of 
work-measure  of  differences  of  temperature. 

In  the  following  pages,  unless  otherwise  specified,  the  letter 
T  shall  be  understood  to  denote  temperatures  with  regard  to 
any  thermometric  scale  that  may  be  arbitrarily  chosen. 

When  two  blocks  of  metal  having  different  temperatures  are 
separated  by  a  sheet  of  brass,  the  three  bodies  rapidly  attain  a 
common  temperature ;  when  the  separation  is  effected  by  a 
sheet  of  asbestos  the  common  temperature  is  attained  far  less 
rapidly.  This  is  expressed  by  saying  that  the  asbestos  is 
'thermally  conducting'  in  a  less  degree  than  is  the  brass. 
The  form  of  statement  implies  that  the  temperature  equaliza- 
tion occurs  as  if  the  temperature  of  each  participating  body 
were  determined  by  the  amount  of  a  fluid  contained  by  it,  this 
fluid  flowing  through  the  separating  sheet  from  the  hot  body 
to  the  cold  one.  Bodies,  then,  are  thermally  conducting  in 
different  degrees.  In  the  following,  by  a  '  thermally  conduct- 
ing' body  shall  be  meant  a  body  permitting  a  rapid ''equaliza- 
tion of  the  temperatures  of  bodies  contiguous  with  it ;  by  a 
'  thermally  non-conducting '  body  shall  be  meant  a  body  per- 
mitting only  a  very  slow  equalization  of  these  temperatures. 

2.  Physical  changes  of  state 

Physical  science  is  concerned  with  '  physical  phenomena/ 
with  the  mechanical,  optical,  thermal,  electric,  magnetic,  chem- 
ical, properties  of  bodies  and  the  changes  that  these  properties 
are  observed  to  undergo.  An  ensemble  of  changes  of  the 
physical  properties  of  an  assemblage  of  bodies  is  a  '  physical 
process.'  For  convenience  of  study,  physical  processes  may 
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be  classified  in  accordance  with  the  degree  in  which  the  phys- 
ical character  of  the  participating  bodies  is  modified. 

Thus,  when  a  block  of  ice  whose  temperature  is  below  the 
melting  temperature  of  the  substance  is  set  in  motion,  the 
physical  state  of  the  block  is  changed  very  little.  Only  its 
position  and  velocity  are  altered.  The  body  undergoes  a  me- 
chanical change  of  state. 

If  the  temperature  of  the  block  is  raised,  the  ensuing  altera- 
tion of  the  temperature  and  density  of  the  body  constitute  a 
deeper-seated  change  of  its  physical  state.  The  body  under- 
goes a  thermal  change  of  state. 

If  the  block  is  melted,  and  the  resulting  liquid  is  evaporated, 
the  physical  state  of  the  body  is  yet  more  profoundly  modified. 
The  new  state  resembles  the  initial  state  very  little.  Yet  the 
body  is  still  regarded  as  being  a  mass  of  the  same  '  substance/ 
water ;  it  has  undergone  changes  of  its  state  of  aggregation. 

If  the  block,  finally,  is  converted  into  a  mixture  of  hydrogen 
and  oxygen  gases,  its  physical  properties  are  altered  very  deeply 
indeed.  It  is  no  longer  regarded  as  being  the  same  '  substance.' 
Its  physical  character  is  changed  in  almost  every  respect  save 
in  that  of  its  mass.  The  body  has  undergone  a  chemical  change 
of  state. 

3.  Mechanical  processes 

Changes  of  the  velocities  and  states  of  strain  of  bodies  are 
termed  mechanical  processes.  Of  all  changes  of  the  physical 
states  of  bodies,  the  mechanical  processes  are  among  the  most 
strikingly  obvious,  and  are  the  least  deep-seated.  Because  of 
their  relatively  simple  character,  comprehension  of  the  way  in 
which  mechanical  processes  occur  has  been  attained  earlier  and 
more  comprehensively  than  has  been  the  case  in  the  study  of 
any  other  class  of  changes  of  the  physical  states  of  bodies.  At 
all  times  since  the  earliest  recognition  of  mechanical  laws,  me- 
chanics has  been  the  highest  developed  branch  of  physical 
science. 

Quantitative  description  of  mechanical  processes  employs  the 
principle  of  the  conservation  of  mechanical  energy.  The  me- 
chanical work  requisite  to  establish  a  state  of  strain  of  a  body 
is  stored  as  the  '  potential  energy '  of  the  body.  The  work 
requisite  to  impart  a  given  velocity  to  a  body  is  stored  as  the 
'  kinetic  energy '  of  the  body.  And  in  any  purely  mechanical 
process  the  sum  of  the  potential  and  kinetic  energies  of  the 
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participating  bodies  remains  constant.  The  process  may  be, 
for  example,  the  swinging  of  a  pendulum  in  a  vacuum,  the 
movements  of  a  mechanism  driven  by  a  falling  weight,  or  the 
motions  of  the  bodies  constituting  the  solar  system.  In  any 
case,  the  total  mechanical  energy  of  all  the  bodies  participating 
in  the  process  remains  constant. 

4.  Supplementary  changes  of  state 

That  a  change  of  the  state  of  a  body  is  often  connected  with 
a  change  of  the  state  of  another  body  is  an  observation  of  funda- 
mental significance  in  the  study  of  physical  processes.  The 
falling  of  a  clock  weight  is  associated  with  the  concurrent 
change  of  state  of  the  mechanism  of  the  clock  ;  the  cooling  of  a 
hot  block  of  metal  is  associated  with  the  heating  of  a  contiguous 
cold  block  ;  the  change  of  state  of  exploding  gunpowder  in  a 
rifle  is  associated  with  an  ensuing  change  of  state  of  the  bullet 
and  a  heating  of  the  rifle  barrel. 

At  the  outset  of  any  careful  study  of  such  mutually  supple- 
mentary changes  of  the  states  of  bodies,  it  is  necessary  to  estab- 
lish suitable  definitions  of  the  terms  to  be  employed.  We 
require  at  this  stage  to  make  definite  what  shall  be  understood 
by  the  terms  i  body/  '  state/  f  change  of  state/  and  <  supple- 
mentary change  of  state.' 

Any  material  object  or  assemblage  of  objects,  when  no  por- 
tion of  it  is  removed  and  no  extraneous  matter  is  added  to  it, 
shall  be  termed  a  body.  We  may  say  that  a  body  is  an  object, 
the  masses  of  whose  independently  variable  component  sub- 
stances remain  unvaried.  A  mass  of  air,  a  quantity  of  brine 
together  with  an  overlying  layer  of  water  vapor,  and  any  closed 
receptacle  together  with  its  contents,  are  bodies.  During  the 
process  of  heating  coexistent  brine  and  vapor  contained  in  a 
closed  receptacle,  the  layer  of  brine  is  not  a  body  ;  for  a  portion 
of  this  object  is  removed  in  the  concurrent  evaporation.  Unit 
mass  of  a  mixture  of  alcohol  and  water  of  varying  composition 
is  not  a  body  ;  for  the  masses  of  the  independently  variable 
component  substances  of  this  object  do  not  remain  unvaried. 

When  a  body  is  participating  in  no  physical  process  —  when 
its  physical  character  undergoes  no  alteration  —  the  body  shall 
be  said  to  be  in  a  quiescent  state.  Further,  by  the  '  state '  of 
a  body  shall  always  be  understood  a  quiescent  state.  This 
convention  will  be  found  to  save  many  words.  In  the  present 
discussion,  the  meaning  of  the  term  '  state '  shall  not  be  broad- 
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ened  to  include  either  what  might  be  called  a  '  steady  state/  as 
that  of  a  disc  rotating  about  an  axis  under  the  action  of  constant 
forces,  or  what  might  be  called  a  <  turbulent  state/  as  that  of 
an  exploding  mass  of  gunpowder,  or  as  that  of  a  mass  of  water 
in  which  currents  are  moving  and  differences  of  temperature  are 
being  equalized. 

When  a  body  passes,  in  any  way,  from  any  given  state  to 
any  other  state,  it  shall  be  said  to  undergo  a  change  of  state. 
And  this  change  shall  be  considered  to  be  the  same  '  change  of 
state/  whatever  the  manner  in  which  the  process  occurs.  Thus 
a  quiescent  mixture  of  hydrogen  and  oxygen  gases  at  a  given 
pressure  and  temperature  may  be  exploded,  and  the  resulting 
water  be  brought  to  a  quiescent  state  at  an  assigned  pressure 
and  temperature ;  or  the  mixture  may  first  be  cooled  to  the 
temperature  of  melting  ice,  and  then  exploded  and  brought  to 
the  assigned  final  state.  In  both  cases  the  body  concerned 
undergoes  the  same  i  change  of  state.7 

When  a  body  undergoes  a  change  of  state  in  different  ways, 
it  shall  be  said  that  the  path  of  the  change  of  state  is  different 
in  the  different  cases.  The  path  of  an  actual  change  of  state  is 
the  actual  succession  of  '  non-quiescent  states.'  A  continuous 
succession  of  quiescent  states  is  a  mathematical  notion,  and  is 
termed  a  reversible  path. 

With  reference  to  a  given  physical  process,  the  assemblage 
of  all  the  bodies  participating  in  the  process  shall  be  termed 
the  isolated  body.  A  change  of  the  state  of  an  isolated  body 
may  or  may  not  involve  changes  of  the  state  of  more  than  one 
body.  If  the  isolated  body  is  a  mass  of  gas,  and  its  change  of 
state  is  an  abrupt  expansion  into  an  exhausted  space,  only  one 
body  is  concerned  in  the  process.  But  suppose  the  isolated 
body  to  be  the  mass  of  gas,  together  with  a  cylinder  and  heavy 
piston  confining  the  gas ;  and  the  change  of  state  to  be  an  ex- 
pansion of  the  gas  together  with  a  rise  of  the  piston  and  a  cool- 
ing of  all  the  three  bodies  involved  —  the  gas,  the  cylinder, 
and  the  piston.  Here  the  change  of  state  of  the  isolated  body 
may  be  considered  to  consist  of  changes  of  the  states  of  these 
three  bodies ;  or  we  may  regard  it  as  consisting  of  the  change 
of  state  of  any  one  of  the  three,  together  with  the  change  of 
state  of  the  body  composed  of  the  assemblage  of  the  other  two. 

Whenever,  as  in  this  illustration,  a  change  of  the  state  of  an 
isolated  body  can  be  regarded  as  consisting  of  changes  of  the 
states  of  two  bodies,  each  of  these  two  changes  of  state  shall 
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be  said  to  supplement  the  other.  With  reference  to  any  given 
change  of  the  state  of  any  body,  the  supplementary  change 
of  state  is  the  associated  change  of  the  state  of  the  body  com- 
posed of  all  the  other  bodies  in  any  way  participating  in  the 
process. 

Nothing  that  has  here  been  adduced  entitles  us  to  assume 
that  a  given  change  of  state  can  always  be  associated  with  the 
same  supplementary  change  of  state.  If  a  change  of  state  A 
occurring  on  the  path  a  is  supplemented  by  a  change  of  state  B 
occurring  on  the  path  6,  we  are  not  at  liberty  to  assume  that 
the  change  A  occurring  on  another  path  a  can  be  supplemented 
by  the  change  B  occurring  on  any  path  whatsoever. 

5.  Mechanical  aspects  of  changes  of  state 

Many,  possibly  all,  actually  occurring  physical  processes 
present  a  mechanical  side.  A  rise  of  temperature,  for  ex- 
ample, results  from  friction  in  a  mechanism  ;  electric  effects 
follow  the  application  of  mechanical  power  to  a  dynamo ;  an 
excited  electromagnet  lifts  a  mass  of  iron ;  expanding  steam 
drives  a  locomotive ;  exploding  gunpowder  imparts  motion  to 
a  bullet ;  the  electrochemical  action  of  a  voltaic  cell  rings  a 
doorbell.  Because  the  mechanical  aspect  of  a  physical  process 
is  the  aspect  that  we  can  most  readily  formulate  in  a  quantita- 
tive way,  we  are  led  to  seek  a  quantitative  formulation  of  non- 
mechanical  and  of  partly-mechanical  processes  through  ex- 
amination of  the  relations  that  these  processes  bear  to  mechan- 
ical changes  of  state. 

In  the  development  of  this  idea,  a  general  observation  of 
fundamental  importance  is  that  many  non-mechanical  or  partly- 
mechanical  changes  of  state  either  are  or  can  be  supplemented 
by  mechanical  operations.  There  are  two  distinguishable  ways 
in  which  such  processes  can  be  thus  supplemented  : 

I.  Directly,  without  intervention  of  any  intermediate  change 
of  state.     As  when  the  fall  or  rise  of  a  heavy  piston  supple- 
ments the  compression  or  expansion  of  a  fluid  —  with  a  conse- 
quent change  of  the  temperature  and  density  of  the  fluid. 

II.  Indirectly,  through   shock  or  through   intervention  of 
friction.     As   when   the   temperature   of  a   mass    of  liquid    is 
raised  by  stirring  it,  or  when  through  friction  a  block  of  metal 
is  heated  or  a  mass  of  ice  is  melted. 

Many  changes  of  state  can  indeed  be  indirectly  supplemented 
by  mechanical  operations  in  other  ways,  as  through  interven- 
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tion  of  electric  or  magnetic  apparatus,  or  of  radiation  phe- 
nomena. Such  cases,  however,  shall  for  the  present  be 
omitted  from  consideration.  In  the  following  discussion,  by 
'indirectly  supplemented '  shall  be  invariably  meant  ( supple- 
mented through  intervention  of  friction/  the  friction  being 
understood  to  occur  between  solid  rubbing  surfaces,  or  between 
a  solid  body  and  a  liquid  that  is  stirred  by  it. 

We  shall  now  consider  successively  some  typical  cases  in 
which  changes  of  state  can  be  brought  into  exclusive  connec- 
tion with  mechanical  operations.  Five  types  of  change  are  to 
be  distinguished.  In  these,  successively,  a  change  of  state  : 

(1)  Is  directly  supplemented  by  a  mechanical  operation  ; 

(2)  Is  or  can  be  indirectly  supplemented  by  a  mechanical 

operation  ; 

(3)  Is  not  and  cannot  be  supplemented,  directly  or  indirectly, 

by  a  mechanical  operation ;  but  can  be  replaced  by  a 
mechanical  operation  acting  through  intervention  of 
friction ; 

(4)  Is  directly  supplemented  in  part  by  a  mechanical  opera- 

tion ;  and  for  the  rest  is  or  can  be  indirectly  supple- 
mented by  a  mechanical  operation  ; 

(5)  Is  directly  supplemented  in  part  by  a  mechanical  opera- 

tion ;  and  for  the  rest  is  not  and  cannot  be  supple- 
mented,   directly   or    indirectly,    by    a    mechanical 
operation ;    but    can    be   replaced    by    a    mechanical 
operation  acting  through  intervention  of  friction. 
We  shall  now  proceed  to  examine,  in  order,  these  five  types 

of  changes  of  state  that  can  be  brought  into  connection  with 

mechanical  operations. 

Case  1.  —  A  change  is  directly  supplemented  by  a  mechanical 

operation 

Suppose  a  mass  of  gas,  or  coexistent  masses  of  a  liquid  and 
its  vapor,  in  a  quiescent  state  in  a  vertical  cylinder  under  a 
heavy  piston  capable  of  motion  without  friction.  If  the  pres- 
sure exerted  by  the  elastic  fluid  is  not  counterbalanced  by  the 
weight  of  the  piston,  a  compression  or  expansion  of  the  fluid 
will  ensue,  and  this  change  of  state  may  be  supposed  supple- 
mented by  the  concurrent  change  of  the  level  of  the  piston. 
In  this  case,  the  change  of  the  state  of  the  fluid  is  supplemented 
by  a  mechanical  operation.  The  change  of  state  of  the  fluid 
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involves  an  alteration  of  density  and  temperature,  and  possibly 
a  partial  evaporation  or  condensation.  In  the  supplementary 
change  of  state,  the  piston  loses  or  gains  a  definite  quantity  of 
mechanical  energy.  This  state  of  affairs  shall  be  described  by 
saying  that  the  positive  or  negative  quantity  of  mechanical 
energy  developed  by  the  piston  is  added  to  the  fluid.  In 
general  : 

DEF.  When  a  change  of  the  state  of  a  body  is  directly  sup- 
plemented by  a  mechanical  operation,  the  positive  or  negative 
mechanical  energy  developed  in  the  mechanical  operation  is  the 
quantity  of  mechanical  energy  added  to  the  body. 
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We  leave  open  the  question  whether  the  quantity  of  mechan- 
ical energy  added  depends  either  on  the  path  of  the  change  of 
state  or  on  the  nature  of  the  supplementary  change  of  state. 

If,  in  the  illustration,  the  mechanical  operation  is  a  decrease 
of  the  level  of  the  piston,  the  mechanical  energy  of  the  piston 
at  any  moment  will  be  the  sum  of  the  potential  and  kinetic 
energies  of  this  body.  If  it  be  supposed  that  the  piston  comes 
to  rest  after  four  oscillations  (due  to  the  inertia  of  the  mass), 
the  relation  between  the  potential  energy,  the  kinetic  energy, 
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and  the  total  energy  of  the  piston,  and  the  mechanical  energy 
added  to  the  fluid,  will  be  somewhat  as  represented  in  Fig.  2. 
The  fall  of  the  piston  of  weight  w  from  the  height  h  =  18  to 
the  height  h  =  10  results  in  addition  of  the  mechanical  energy 
t0(18  —  10)  to  the  fluid. 

Case  2.  —  A  change  is  or  can  be  indirectly  supplemented  by  a 
mechanical  operation 

In  the  absence  of  a  supplementary  change,  a  mass  of  potas- 
sium sulphocyanate  dissolving  in  a  mass  of  water  will  attain  a 
temperature  below  the  initial  temperature  of  the  two-component 
body.  Suppose  occurring  at  constant  volume,  or  practically  so, 
a  rise  of  the  temperature  of  a  block  of  metal,  the  fusion  of  a 
solid  body,  the  evaporation  of  a  liquid  one,  or  the  dissolving 
of  a  mass  of  potassium  sulphocyanate  in  a  mass  of  water  under 
the  condition  that  the  initial  and  final  temperatures  of  the  body 
shall  be  the  same.  Each  of  these  changes  of  state  can  be  sup- 
plemented by  an  isometric  *  fall  of  the  temperature  of  another 
body,  or  indeed  by  any  one  of  a  variety  of  changes  of  state. 
Also  each  of  these  changes  can  be  supplemented  by  a  mechan- 
ical operation  acting  through  intervention  of  friction,  can  be 
1  indirectly  supplemented '  by  a  mechanical  operation.  The 
mechanical  operation  will  develop  a  positive  quantity  of  me- 
chanical energy.  This  state  of  aifairs  shall  be  described  by 
saying  that  the  energy  developed  in  the  mechanical  operation 
is  added  to  the  body  undergoing  the  supplemented  change  of 
state.  And  the  form  of  description  shall  be  that  prescribed  by 
the  following  definitions. 

DEF.  When  a  change  of  the  state  of  a  body  is  indirectly  sup- 
plemented by  a  mechanical  operation,  the  mechanical  energy  de- 
veloped in  the  mechanical  operation  is  the  quantity  of  mechan- 
ical energy  added  to  the  body. 

DEF.  When  a  change  of  the  state  of  a  body  is  not,  but  can  be, 
indirectly  supplemented  by  a  mechanical  operation,  the  mechanical 
energy  developed  in  the  mechanical  operation  is  the  quantity  of 
heat  added  to  the  body. 

The  idea  of  a  '  quantity  of  heat/  as  here  introduced,  is  not  to 
be  understood  in  any  sense  other  than  that  specified  in  the 
definition.  Especially  is  no  hypothetical  interpretation  to  be 

*  Occurring  at  constant  volume. 
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given  to  it.  It  is  not  to  be  interpreted  as  a  quantity  of  an 
imponderable  fluid,  or  as  a  quantity  of  kinetic  energy  of  hypo- 
thetical particles,  or  as  any  concept  other  than  that  presented 
by  the  definition.  And  we  leave  open  the  question  whether 
the  quantity  of  heat  added  depends  either  on  the  path  of  the 
change  of  state  or  on  the  nature  of  the  supplementary  change 
of  state. 

Case  3.  —  A  change  is  not  and  cannot  be  supplemented,  directly 
or  indirectly,  by  a  mechanical  operation  ;  but  it  can  be  replaced 
by  a  mechanical  operation  acting  through  intervention  of 
friction 

In  the  absence  of  a  supplementary  change,  a  mass  of  sul- 
phuric acid,  H2SO4,  dissolving  in  a  mass  of  water  will  attain  a 
temperature  above  the  initial  temperature  of  the  two-component 
body.  A  chemical  reaction  in  which,  in  absence  of  a  supple- 
mentary change,  the  changing  body  attains  a  temperature  above 
its  initial  temperature  is  an  ' exothermal'  reaction.  Suppose 
occurring  at  constant  volume,  or  practically  so,  a  fall  of  the 
temperature  of  a  block  of  metal,  the  solidification  of  a  mass  of 
liquid,  the  condensation  of  a  mass  of  vapor,  the  mixing  of  a  mass 
of  sulphuric  acid  with  a  mass  of  water  under  the  condition  that 
the  initial  and  final  temperatures  of  the  body  shall  be  the  same, 
or  any  exothermal  reaction  occurring  subject  to  this  condition. 
Each  of  these  changes  of  state  can  be  supplemented  by  an 
isometric  rise  of  the  temperature  of  another  body,  or  indeed  by 
any  one  of  a  variety  of  operations.  No  one  of  these  changes 
of  state  can  be  supplemented  by  a  mechanical  operation,  either 
directly  or  indirectly ;  but  the  actual  rise  of  temperature  or 
other  operation  that  does  supplement  it  can  in  every  case  be 
indirectly  supplemented  by  a  mechanical  operation.  In  other 
words,  the  change  itself  can  be  replaced  by  a  mechanical  opera- 
tion acting  through  intervention  of  friction.  This  mechanical 
operation  will  develop  a  positive  quantity  of  mechanical  energy. 
This  state  of  affairs  shall  be  described  by  saying  that  the  energy 
developed  in  the  mechanical  operation  is  the  quantity  of  energy 
developed  in  the  change  of  state  that  the  mechanical  operation 
can  replace.  And  the  form  of  description  shall  be  that  pre- 
scribed by  the  following  definition  : 

DBF.  When  a  change  of  the  state  of  a  body  can  be  replaced 
by  a  mechanical  operation  acting  through  intervention  of  friction, 
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the  mechanical  energy  developed  in  the  mechanical  operation  is  the 
quantity  of  heat  developed  by  the  body.     The  negative  of  this 

quantity  is  the  i  quantity  of  heat  added '  to  the  body. 

We  leave  open  the  question  whether  the  quantity  of  me- 
chanical energy  developed  in  the  mechanical  operation  depends 
either  on  the  path  of  the  replaced  change  of  state  or  on  the 
nature  of  the  supplementary  change  of  state. 

Cases  4)  5.  —  A  change,  of  state  is  or  can  be  directly  supple- 
mented in  part  by  a  mechanical  operation ;  and  for  the  rest 
can  be  indirectly  supplemented  by  a  mechanical  operation, 
or  can  be  replaced  by  a  mechanical  operation  acting  through 
intervention  of  friction 

Under  a  heavy  piston  a  mass  of  gas  or  a  mass  of  coexistent 
liquid  and  vapor  is  confined  in  a  vertical  cylinder  standing  on 
a  hot  block  of  metal.  The  fluid  expands,  under  the  constant 
pressure  of  the  piston.  This  change  of  state  is  supplemented 
in  part  by  the  mechanical  operation  of  the  piston,  and  for  the 
rest  (due  to  the  cooling  of  the  block)  it  can  be  indirectly  sup- 
plemented by  a  mechanical  operation.  Again,  a  block  of  ice 
having  the  volume  V2  is  contained  in  an  open  vessel  standing 
on  a  hot  block.  When  the  ice  is  melted,  its  volume  is  V,  <  V2. 
The  change  of  state  is  supplemented  in  part  by  the  mechanical 
action  of  the  atmosphere,  which  adds  to  the  water  the  me- 
chanical work/>(V2  —  V,),  where  p  is  the  atmospheric  pres- 
sure ;  and  for  the  rest  the  change  can  be  indirectly  supple- 
mented by  a  mechanical  operation.  If  in  each  of  these  cases 
the  hot  block  should  be  replaced  by  a  sufficiently  cold  one,  the 
change  of  state  would  be  reversed.  The  fluid  would  contract, 
under  a  constant  pressure  ;  and  the  liquid  water  would  solidify, 
under  the  pressure  of  the  atmosphere.  In  each  case,  the 
change  of  state  would  be  supplemented  in  part  by  a  mechanical 
action,  and  for  the  rest  (in  effecting  the  heating  of  the  block) 
it  could  be  replaced  by  a  mechanical  operation  acting  through 
intervention  of  friction.  A  similar  state  of  affairs  would  ob- 
tain in  the  case  of  an  exothermal  chemical  reaction  involving 
any  mechanical  effect. 

In  an  attempt  to  extend  to  such  cases  the  ideas  of  additions 
of  quantities  of  mechanical  energy  and  of  heat,  we  may  for  the 
moment  confine  our  attention  to  a  thoroughly  typical  case.  In 
a  horizontal  cylinder,  two  masses  of  gas,  A  and  B,  are  separated 
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by  a  light,  rigid,  thermally  conducting  piston  capable  of  motion 
with  negligible  friction.  The  two  masses  have  the  same  initial 
temperature,  but  different  initial  pressures,  pa  >  pb.  The  gas 
A  expands  and  cools ;  the  gas  B  is  compressed  and  its  temper- 
ature rises.  Spontaneous  equalization  of  these  temperatures 
increases  the  pressure  of  A  and  decreases  that  of  B,  thus 
extending  the  process. 

When  the  process  is  completed,  A  has  developed  a  quantity 
of  mechanical  energy  M,  which  may  be  regarded  as  having 
been  transferred  to  B.  For  the  actually  occurring  change  of 
volume  of  A  can  be  supposed  replaced,  in  so  far  as  the  influence 
of  this  change  of  volume  upon  B  is  concerned,  by  the  change 
of  state  of  a  mechanism  acting  upon  the  piston.  The. change 
of  state  of  the  gas  A  is  supplemented  by  a  change  of  state  (that 
of  the  gas  B),  whose  action  is  in  part  that  of  a  mechanical  oper- 
ation absorbing  the  mechanical  energy  M,  and  whose  action  for 
the  rest  is  that  of  a  mechanical  operation  acting  through  inter- 
vention of  friction.  The  (negative)  quantity  of  mechanical 
energy  developed  by  B  shall  be  termed  the  quantity  of  mechan- 
ical energy  developed  by  B  and  added  to  A ;  and  the  mechan- 
ical energy  developed  by  the  mechanical  operation  acting 
through  intervention  of  friction  shall  be  termed  the  quantity  of 
heat  developed  by  B  and  added  to  A. 

The  general  case 

The  statements  and  definitions  of  this  detailed  examination 
of  the  mechanical  aspects  of  changes  of  the  physical  states  of 
bodies  may  now  be  summarized,  as  follows : 

STMT.  Many  supplemented  changes  of  the  physical  states  of 
bodies  can  be  brought  directly  or  indirectly,  or  both  directly  and 
indirectly ,  into  exclusive  connection  with  mechanical  operations. 
Every  such  change  of  state  is  directly  supplemented,  ivholly  or  in 
part  or  not  at  all,  by  a  mechanical  operation  ;  and,  in  so  far  as 
it  is  not  so  supplemented,  it  either  is  or  can  be  supplemented  by  a 
mechanical  operation  acting  through  intervention  of  friction,  or  it 
can  be  replaced  by  a  mechanical  operation  acting  through  inter- 
vention of  friction. 

DEF.  When  two  bodies  undergo  mutually  supplementary  changes 
of  state  of  the  class  described,  the  quantity  of  mechanical  energy 
developed  by  either  one  of  the  bodies  is  the  quantity  of  mechan- 
ical energy  added  to  the  other. 
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And  the  mechanical  energy  developed  in  the  mechanical  opera- 
tion that  can  for  the  rest  supplement  one  of  the  changes  of  state 
and  replace  the  other,  on  the  actual  paths  of  these  changes  of  statey 
is  the  quantity  of  heat  added  to  the  body  undergoing  the  sup- 
plemented change  of  state,  and  is  the  negative  of  the  quantity  of 
heat  added  to  the  body  undergoing  the  replaced  change  of  state. 

In  the  establishment  of  these  definitions  we  leave  open  the 
question  whether  the  quantities  of  mechanical  energy  and  of 
heat  added  to  a  body  in  a  change  of  its  state  depend  either  on 
the  path  of  the  change  of  state  or  on  the  nature  of  the  supple- 
mentary change  of  state.  It  is  readily  seen,  however,  that  in 
general  these  quantities  are  certainly  not  independent  of  the  path 
of  the  change  of  state.  This  may  be  shown  by  an  example. 
The  state  of  a  given  mass  of  coexistent  liquid  and  vapor  is  de- 
termined by  the  volume  V  and  the  temperature  r  of  the  mass. 
Under  the  constant  pressure  determined  by  the  initial  state,  let 
the  state  change  from  V0,  r  to  Vfc,  r  where  V6  >  V0.  The 
body  develops  a  quantity  of  mechanical  energy  Mt,  and  absorbs 
a  quantity  of  heat  Qr  Again,  let  the  body  pass  from  its  initial 
state  to  a  state  in  which  its  volume  is  V6,  by  abrupt  expan- 
sion into  an  adjoining  vacuum  V6  —  V0.  The  temperature 
will  fall  thereby,  whereupon  the  state  V6,  r  can  be  reached  on 
addition  of  a  quantity  of  heat  Q2.  On  the  first  of  these  two 
paths  the  quantity  of  mechanical  energy  Mt  is  added  to  the 
body  ;  on  the  second  path  the  mechanical  energy  added  is  zero. 
And  it  can  be  experimentally  shown  that  the  quantities  of  heat 
Qj,  Q2  are  not  equal. 

6.  Thermodynamic  changes  of  state 

The  present  discussion  is  concerned  with  supplemented 
changes  of  state,  not  purely  mechanical,  that  can  be  brought 
directly  or  indirectly  or  both  directly  and  indirectly  into  con- 
nection with  mechanical  operations.  The  states  of  any  given 
body,  attainable  through  changes  of  state  of  this  class,  consti- 
tute the  continuous  assemblage  of  the  thermodynamic  states 
of  the  body.  All  such  changes  of  state,  and  also  all  possible 
changes  of  the  state  of  any  isolated  body  from  one  thermody- 
namic state  to  another,  are  termed  thermodynamic  changes  of 
state.  The  study  of  thermodynamic  changes  of  state  is  ther- 
modynamics. 

Many  changes  of  the   physical   states  of  bodies  can   be  sup- 


16  PRINCIPLES    OF    THERMODYNAMICS 

plemented  or  replaced  in  part  by  mechanical  operations  acting 
through  intervention  of  friction,  and  in  part  by  mechanical 
operations  acting  indirectly  in  other  ways,  as  through  interven- 
tion of  the  action  of  electric  or  magnetic  apparatus  or  of  radia- 
tion. Such  changes  of  state  must  indeed  be  regarded  as  in- 
cluded in  the  province  of  thermodynamics  understood  in  a 
broad  sense.  But  their  study  is  an  extension  of  the  principles 
of  thermodynamics  to  a  domain  lying  beyond  the  immediate 
province  of  the  subject,  and  it  cannot  conveniently  be  entered 
upon  until  after  this  immediate  province  has  been  surveyed. 

Thermodynamic  processes,  like  mechanical  processes,  are  ab- 
stractions. In  either  case  certain  features  of  a  process,  ab- 
stracted from  the  actual  phenomena,  constitute  the  subject  of 
study.  Purely  thermodynamic  operations,  like  purely  mechan- 
ical operations,  do  not  exist.  A  mechanical  operation  is  com- 
plicated by  unavoidable  friction,  or  electrostatic  attractions, 
and  the  like  ;  and  a  thermodynamic  operation  involves  features 
of  radiation  and  what  not.  In  any  case  it  is  an  ideal,  abstract 
process  that  is  the  subject  of  study ;  but  the  disparity  between 
it  and  the  corresponding  actual  physical  operation  is  kept  as 
small  as  possible. 

7,  Summary  of  Chapter  I. 

Thermometry 

We  distinguish  different  degrees  of  hotness.  Any  measurable 
physical  property  of  a  body,  that  is  a  continuous,  uniform,  and 
increasing  (or  decreasing)  function  of  the  degree  of  hotness  of 
the  body,  is  a  thermometric  property  of  the  body.  Successive 
values  of  a  thermometric  property  of  a  given  body  afford  an 
arbitrary  scale  of  the  '  temperatures  of  a  thermometer.'  With 
reference  to  this  scale,  the  temperature  of  another  body  can  be 
determined  by  establishing  temperature  equilibrium  between  the 
body  and  a  thermometer.  A  reproducible  scale  of  temperatures 
is  established  if  the  temperature  is  defined  by  any  uniform, 
analytic,  and  increasing  (or  decreasing)  function  of  a  chosen 
thermometric  property  of  a  chosen  substance.  Such  a  scale  is 
that  of  the  temperatures 
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of  a  constant  pressure  gas-thermometer,  the  definition  of  which 
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is  suggested  by  the  '  law  of  Gay-Lussac.'  A  body  permitting 
rapid  equalization  of  the  temperatures  of  bodies  contiguous 
with  it  is  a  'thermally  conducting '  body ;  one  permitting  only 
a  very  slow  equalization  of  these  temperatures  is  a  '  thermally 
non-conducting7  body. 

Physical  Processes 

An  ensemble  of  changes  of  the  physical  properties  of  an 
assemblage  of  bodies  is  a  ( physical  process/  Physical  proc- 
esses may  be  classified  in  accordance  with  the  degree  in  which 
the  physical  character  of  the  participating  bodies  is  modified. 
Of  all  physical  happenings,  the  mechanical  processes  are  the 
least  deep-seated.  The  way  in  which  they  occur  is  better 
understood  than  is  the  way  in  which  any  other  physical  proc- 
esses occur.  In  any  purely  mechanical  process  the  sum  of  the 
potential  and  kinetic  energies  of  the  participating  bodies  remains 
constant. 

Supplementary  Changes  of  State 

A  body  is  an  object,  the  masses  of  whose  independently 
variable  component  substances  remain  unvaried.  When  the 
physical  character  of  a  body  undergoes  no  alteration,  the  body 
is  said  to  be  in  a  (quiescent)  physical  state.  When  the  body 
passes  from  one  state  to  another  it  undergoes  a  definite  change 
of  state.  The  path  of  an  actual  change  of  state  is  the  actual 
succession  of  <  non-quiescent  states.'  A  continuous  succession 
of  quiescent  states  is  a  mathematical  notion,  and  is  termed  a 
reversible  path.  With  reference  to  any  given  change  of  the 
physical  state  of  any  body,  the  supplementary  change  of  state  is 
the  associated  change  of  state  of  the  body  composed  of  all  the 
other  bodies  in  any  way  participating  in  the  process.  It  may 
not  be  assumed  that  a  given  change  of  state  can  always  be  asso- 
ciated with  the  same  supplementary  change  of  state. 

Mechanical  Aspects  of  Changes  of  State 

Many  supplemented  changes  of  the  physical  states  of  bodies 
can  be  brought '  directly7  (without  intervention  of  an  intermedi- 
ate change  of  state),  or  '  indirectly '  (through  intervention  of 
friction),  or  both  directly  and  indirectly,  into  exclusive  connec- 
tion with  mechanical  operations.  Every  such  change  of  state 
is  directly  supplemented,  wholly  or  in  part  or  not  at  all,  by  a 
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mechanical  operation  ;  and,  in  so  far  as  it  is  not  so  supplemented, 
it  either  is  or  can  be  supplemented  by  a  mechanical  operation 
acting  through  intervention  of  friction,  or  it  can  be  replaced  by 
a  mechanical  operation  acting  through  intervention  of  friction. 

DEF.  When  two  bodies  undergo  mutually  supplementary 
changes  of  state  of  the  class  described,  the  quantity  of  mechani- 
cal energy  developed  by  either  one  of  the  bodies  is  the  quantity 
of  mechanical  energy  added  to  the  other.  And  the  mechanical 
energy  developed  in  the  mechanical  operation  that  can  for  the 
rest  supplement  one  of  the  changes  of  state  and  replace  the 
other,  on  the  actual  paths  of  these  changes  of  state,  is  the  quan- 
tity of  heat  added  to  the  body  undergoing  the  supplemented 
change  of  state,  and  is  the  negative  of  the  quantity  of  heat 
added  to  the  body  undergoing  the  replaced  change  of  state. 

In  general,  the  quantities  of  mechanical  energy  and  of  heat 
added  to  a  body  in  a  change  of  its  state  are  not  independent  of 
the  path  of  the  change  of  state. 

Thermodynamic  Changes  of  State 

The  present  study  is  concerned  with  supplemented  changes  of 
state,  not  purely  mechanical,  that  can  be  brought  directly  or  in- 
directly or  both  directly  and  indirectly  into  exclusive  connection 
with  mechanical  operations.  The  states  of  any  given  body,  at- 
tainable through  such  changes  of  state,  constitute  the  continuous 
assemblage  of  the  thermodynamic  states  of  the  body.  All  such 
changes  of  state,  and  also  all  possible  changes  of  the  state  of 
any  isolated  body  from  one  thermodynamic  state  to  another,  are 
termed  thermodynamic  changes  of  state.  The  study  of  thermo- 
dynamic  changes  of  state  is  thermodynamics. 


CHAPTER  II.     THE  FIRST  LAW  OF  THERMODYNAMICS 

1.  The  problem 

The  conclusion  of  the  foregoing  discussion  may  be  stated  to 
be  that  all  thermodynamic  changes  of  state  can  be  brought  into 
exclusive  connection  with  operations  of  a  wholly  mechanical 
character,  that  all  such  changes  can  be  supplemented  or  re- 
placed —  or  both  supplemented  and  replaced —  by  mechanical 
operations. 

As  has  been  stated,  we  seek  to  attain  a  quantitative  formula- 
tion of  thermodynamic  changes  of  state  through  examination 
of  the  relations  that  these  operations  bear  to  mechanical  changes 
of  state. 

In  purely  mechanical  processes,  the  total  mechanical  energy 
of  the  participating  bodies  remains  constant.  This  fact  offers 
a  promising  suggestion.  It  leads  us  to  enquire  whether  a  physi- 
cal quantity,  the  '  energy  of  a  body/  can  be  defined  in  such  a 
way  that  the  total  energy  of  the  bodies  participating  in  any 
thermodynamic  process  will  remain  constant.  The  present 
chapter  is  a  consideration  of  this  question. 

If  it  can  be  shown  that  the  '  energy  of  a  body/  thus  estab- 
lished by  definition,  is  uniquely  determined  by  the  state  of  the 
body ;  and  if  then  the  energies  of  the  bodies  participating  in  a 
thermodynamic  process  can  be  analytically  expressed  by  means 
of  independent  measurable  physical  quantities  determined  by 
the  thermodynamic  states  of  the  bodies  ;  we  shall  thereby  ob- 
tain analytical  relations  between  such  physical  variables.  These 
relations  will  quantitatively  describe  the  thermodynamic 
changes  of  state  of  the  bodies.  They  will  thus  constitute,  at 
least  in  some  measure,  a  rational  theory  of  thermodynamics. 

2.  A  definition 

If  it  is  possible  to  define  the  ( energy  of  a  body '  in  such  a 
way  that  the  sum  of  the  energies  of  the  bodies  participating  in 
any  thermodynamic  process  remains  constant,  the  '  change  of 
the  energy '  of  a  body  undergoing  a  change  of  thermodynamic 
state  must  be  defined  in  such  a  way  that : 

a)  If  the  change  of  state  is  or  can  be  supplemented,  directly 
or  indirectly  or  both  directly  and  indirectly,  by  mechanical 
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operations,  the  change  of  the  energy  of  the  body  and  the  total 
change  of  the  mechanical  energies  of  the  bodies  executing  the 
mechanical  operations  must  be  equal  and  have  opposite  signs. 
/.  e.y  the  change  of  the  energy  of  the  body  must  be  equal  to 
the  algebraic  sum  of  the  quantities  of  mechanical  energy  and 
of  heat  added  to  the  body. 

6)  The  changes  of  the  energies  of  two  bodies  undergoing 
mutually  supplementary  changes  of  thermodynamic  state  must 
be  equal  and  have  opposite  signs.  /.  e.y  the  change  of  the 
energy  of  a  body  undergoing  any  supplemented  change  of 
thermodynamic  state  must  be  equal  to  the  algebraic  sum  of  the 
quantities  of  mechanical  energy  and  of  heat  added  to  the  body. 

c)  The  change  of  the  energy  of  any  isolated  body  under- 
going a  change  of  thermodynamic  state  must  be  zero,  —  whether 
the  change  of  state  does  or  does  not  consist  of  mutually  supple- 
mentary changes  of  state. 

In  short,  if  the  '  energy  of  a  body  '  can  be  defined  in  such  a 
way  that  the  sum  of  the  energies  of  the  bodies  participating  in 
any  thermodynamic  process  will  remain  constant,  it  must  be 
defined  by  means  of  its  changes,  and  in  the  following  fashion  : 

DEF.  The  change  of  the  energy,  Ua6,  of  a  body  undergo- 
ing a  change  of  thermodynamic  state  from  the  state  a  to  the 
state  b  is  equal  to  the  algebraic  sum  of  the  quantities  of  me- 
chanical energy  Mn6  and  heat  Qa6  added  to  the  body  in  the 
course  of  its  change  of  state, 


3.  Necessary  conditions 

It  is  now  to  be  enquired  whether  any  '  change  of  the  energy  ' 
of  a  body  is  the  change  of  a  quantity  Ex  +  Eo  whose  value, 
save  for  an  additive  constant  Eo,  is  uniquely  determined  by  the 
thermodynamic  state  x  of  the  body  ;  whether 


We  proceed  to  examine  the  conditions  that  must  be  fulfilled  in 
order  that  the  relation  (1)  shall  be  satisfied. 

It  must  first  be  shown  that  given  transfers  of  mechanical 
energy  and  of  heat  are  definite  quantities.  It  must  be  shown 
that  in  any  recurrence,  on  a  given  path,  of  a  thermodynamic 
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process  consisting  of  given  mutually  supplementary  changes  of 
the  states  of  bodies,  the  quantity  of  mechanical  energy  trans- 
ferred from  one  body  to  the  other  is  always  the  same,  and  the 
quantity  of  heat  transferred  from  one  body  to  the  other  is  always 
the  same.  If  it  should  be  shown  that  these  conditions  are  ful- 
filled, it  would  be  shown  that  the  change  of  the  energy,  Ua6,  of 
a  body  has  always  the  same  value  when  the  change  of  thermo- 
dynamic  state  ab  occurs  on  a  given  path  with  a  given  supple- 
mentary change  of  state. 

Yet  the  change  of  energy  Ua6  might  vary  with  the  path  of 
the  change  of  state.  Suppose  a  mass  of  gas,  whose  thermo- 
dynamic  state  is  determined  by  its  pressure  p  and  volume  V, 
confined  under  a  piston  in  a  vertical  cylinder  resting  on  a  metal 
block.  Let  the  mass  change  from  the  state  a  —  pv  Vt  to  the 
state  6  =  pv  V2 ;  this  change  of  state  being  supplemented  by  a 
cooling  of  the  block  through  the  temperature  interval  T2  —  rlf 
together  with  a  rise  of  the  piston  through  the  increment  of 
height  hz  —  hr  On  this  <  path  I/  the  change  of  energy  Ua6  of 
the  gas  is  the  algebraic  sum  of  the 
negative  mechanical  energy  devel- 
oped by  the  piston  and  the  positive 
heat  developed  by  the  block.  On 
a  '  path  n/  let  the  gas  change  from 
its  initial  state  to  the  state  p2,  "V\  ;  p 
the  change  being  supplemented  by 
a  cooling  of  the  block  of  metal 
through  the  temperature  interval  FIG.  3. 

r2  —  T(  ;  whereupon  ensues  a  con- 
cluding change  (adiabatic  expansion)  to  the  state  pv  Y2,  sup- 
plemented by  a  rise  of  the  piston  through  the  increment  of 
height  A2  —  hr  Will  it  be  observed  that  rt  =  T[  ?  For  these 
temperatures  must  be  the  same  if  the  quantity  Ua6  have  the 
same  value  with  reference  to  both  paths. 

If  it  should  be  shown  that  Ua6  is,  in  general,  independent  of 
the  path  of  the  change  of  state,  this  quantity  might  yet  vary 
with  the  supplementary  change  of  state.  For  example,  in  the 
above  illustration,  let  the  change  of  state  of  the  gas,  occurring 
on  the  path  I,  be  supplemented  by  a  rise  of  the  piston  from  h^ 
to  7i2,  together  with  a  mixing  of  certain  quantities  of  sulphuric 
acid  and  water,  the  initial  and  final  temperatures  of  this  body 
being  the  final  temperature  of  the  gas.  Will  it  be  observed 
that  the  quantity  of  mechanical  energy  expended,  through  inter- 
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vention  of  friction,  to  replace  the  mixing,  is  equal  to  that 
requisite  to  replace  the  cooling  of  the  block  from  r2  to  rl  ?  For 
these  quantities  of  mechanical  energy  must  be  equal,  if  the 
quantity  Ua6  is  to  have  the  same  value  in  both  cases. 

4.  Sufficiency  of  the  conditions 

If  it  should  be  shown  to  be  true  that  the  change  of  energy 
Uaft  of  a  body  undergoing  any  change  of  thermodynamic  state 
ab  is  independent  of  the  path  of  the  change  of  state,  and  is  in- 
dependent of  the  supplementary  change  of  state,  it  would  there- 
by be  shown  that  the  quantity  Uaft  is  uniquely  determined  by 
the  end  states  of  the  body.  And  it  would  follow  that  the 
change  of  energy  Uafe  is  equal  to  the  concurrent  change  of  a 
quantity  Ex  +  Eo  whose  value,  save  for  an  arbitrary  additive 
constant  Eo,  is  uniquely  determined  by  the  thermodynamic 
state  x  of  the  body. 

For,  if  o,  a,  6  be  any  three  states  of  any  given  body,  we 
should  have 


whence 


The  second  member  of  this  equation,  being  the  total  mechan- 
ical energy  and  the  total  heat  absorbed  in  any  two  consecutive 
paths  oa,  a6,  would  be  the  change  of  energy  Uo6  of  the  body 
undergoing  the  change  of  state  from  o  to  b.  Therefore, 


and,  hence, 


Taking  the  state  o  as  a  fixed  state  of  reference,  Uo6  would  be 
determined  by  the  state  6^.and  Uoa  by  the  state  a.  So  Ua6 
would  be  equal  to  a  quantity-determined  by  6,  less  a  quantity 
determined  by  a.  It  follows  that  Uaft  would  be  equal  to  the 
concurrent  change  of  the  value  of  a  quantity  Ex  -f  Eo  uniquely 
determined  by  the  thermodynamic  state  of  the  body  ;  though 
Ex  might  be  determined  in  different  ways  in  different  con- 
tiguous regions  of  state. 
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5.  The  first  law  of  thermodynamics 

In  the  experimental  study  of  thermodynamic  processes,  there 
have  been  made  very  extended  and  careful  measurements  of 
the  quantities  of  mechanical  energy  and  of  heat  transferred  be- 
tween bodies  undergoing  mutually  supplementary  changes  of 
state.  In  some  experiments,  mechanical  operations  have  sup- 
plemented changes  of  the  temperatures  of  bodies,  and  changes  of 
their  states  of  aggregation.  In  other  experiments,  conducted 
in  '  calorimeters/  changes  of  temperature,  changes  of  states  of 
aggregation,  the  formation  of  homogeneous  liquid  mixtures 
from  separate  liquids  or  from  liquids  and  solids,  chemical  changes 
of  state,  and  combinations  of  these,  have  supplemented  changes 
of  the  temperatures  of  other  bodies,  and  sometimes  mechanical 
actions  as  well.  The  results  obtained  in  an  immense  number 
of  such  experiments  give  extensive  support  to  the  hypothesis 
that  the  algebraic  sum  of  the  mechanical  energy  and  heat  added 
to  a  body  in  any  change  of  its  thermodynamic  state  is  independent 
of  the  supplementary  change  of  state  and  of  the  path  of  the 
change  of  state. 

These  results  therefore  lead  to  the  conclusion  that  : 
The  algebraic  sum  of  the  mechanical  energy  and  heat  added  to 
a  body  undergoing  a  change  of  thermodynamic  state  is  equal  to  the 
concurrent  change  of  a  quantity  whose  value,  save  for  an  arbi- 
trary additive  constant,  is  uniquely  determined  by  the  thermo- 
dynamic state  of  the  body, 


This  hypothesis  is  the  first  law  of  thermodynamics.  The 
quantity  Ex  +  Eo  is  the  energy  of  the  body.  Unless  otherwise 
stated,  the  '  energy  '  of  a  body  shall  hereafter  be  understood  in 
this  sense.  The  quantity  Ex  -f  Eo  is  sometimes  termed  the 
1  inner  energy  '  of  the  body,  to  distinguish  it  from  the  kinetic 
and  potential  energies,  whose  sum  is  the  mechanical  energy  of 
the  body,  or  from  the  energy  due  to  an  electrostatic  charge  or 
to  other  actions.  The  justification  of  the  first  law  of  thermo- 
dynamics lies  largely  in  the  agreement  of  its  consequences  with 
experience.  This  agreement  is  very  extended  and  exact. 

The  law  involves  the  statement  that  the  algebraic  sum  of  the 
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changes  of  the  energies  of  bodies  undergoing  mutually  supple- 
mentary thermodynamic  changes  of  state  is  zero ;  or,  more 
generally,  that  the  energy  of  an  isolated  body  undergoing  any 
change  of  thermodynamic  state  is  constant.  This  form  of 
statement  is  the  law  of  the  conservation  of  energy,  as  applied 
to  thermodynamic  processes. 

6.  The  calory 

The  numerical  value  of  a  quantity  of  heat  transferred  from 
one  body  to  another  is  determined  by  the  quantity  of  mechani- 
cal energy  developed  in  a  mechanical  operation.  This  mechani- 
cal operation  can  supplement  a  rise  of  the  temperature  of  a 
body  of  water.  The  mass  of  the  body  of  water  whose  tem- 
perature is  thus  raised  through  a  fixed  interval  T  —  rr  is  pro- 
portional to  the  quantity  of  mechanical  energy  developed  in  the 
mechanical  operation.  So  this  mass  is  an  expression  of  the 
quantity  of  heat  transferred  from  the  one  body  to  the  other. 
The  heat-unit  determined  by  the  quantity  of  mechanical  energy 
requisite  to  raise  unit  mass  of  water  through  the  interval 
T  —  rr  =  1,  from  an  assigned  temperature  rr  (usually  15°  C.) 
on  a  given  scale  of  temperatures,  is  termed  the  calory.  The 
calory  is  practically  identical  with  the  (  specific  heat7  of  water 
at  the  assigned  temperature ;  though,  strictly,  the  specific  heat 
of  a  substance  is  the  quantity  of  heat  absorbed,  by  unit  mass 
of  the  substance,  per  unit  increase  of  the  temperature  of  the 
mass.  Strictly,  the  specific  heat  of  a  substance  is  defined  with 
reference  to  a  given  path,  and  is  a  rate.  When  expressed  in 
mechanical  units,  the  calory  is  often  termed  the  mechanical 
equivalent  of  heat. 

7.  Scholium 

In  considering  transfers  of  heat,  it  is  well  to  bear  in  mind 
that  positively  "  adding  heat "  to  a  body  —  "  heating  the  body  " 
—  is  not  in  general  associated  with  a  rise  of  the  temperature  of 
the  body.  When  heat  is  added  to  a  block  of  metal,  the  tem- 
perature of  the  block  rises.  When  heat  is  added  to  a  mass  of 
liquid  water  and  overlying  water  vapor  supporting  a  constant 
pressure,  the  temperature  of  the  mass  is  not  altered.  Heat 
may  be  added  to  a  mass  of  potassium  sulphocyanate  and  water, 
in  the  process  of  forming  a  mixture,  and  the  temperature  fall. 
An  addition  of  heat  to  a  body  involves  a  change  of  the  state 
of  the  body ;  but  it  may  not  involve  a  change  of  the  temperature 


THE    FIRST    LAW    OF    THERMODYNAMICS  25 

alone,  and  it  may  not  involve  a  change  of  the  temperature  at 
all.  Contrariwise,  a  change  of  the  temperature  of  a  body  does 
not  necessarily  involve  absorption  or  development  of  heat. 
When  a  mass  of  air  is  adiabatically  *  compressed,  or  when  it 
expands  into  a  vacuum,  the  temperature  of  the  mass  changes, 
but  no  heat  is  added  to  it. 

8.  Summary  of  Chapter  II. 

The  Fundamental  Problem 

The  thesis  of  Chapter  I.  is  that  all  thermodynamic  changes 
of  state  can  be  supplemented  or  replaced  —  or  both  supple- 
mented and  replaced  —  by  mechanical  operations.  We  seek 
to  establish  a  quantitative  formulation  of  thermodynamic 
changes  of  state,  through  examination  of  the  relations  that 
these  operations  bear  to  mechanical  changes  of  state.  Can 
this  end  be  attained  through  defining  the  '  energy  of  a  body7 
in  such  a  way  that  the  total  energy  of  the  bodies  participating 
in  any  thermodynamic  process  will  remain  constant?  So 
defined  : 

DEF.  The  energy  of  a  body  in  any  thermodynamic  state  x 
is  a  quantity  Ex  -f-  Eo,  whose  change  Ua6  when  the  body  under- 
goes a  change  of  thermodynamic  state  from  the  state  a  to  the 
state  6  is  equal  to  the  algebraic  sum  of  the  quantities  of  me- 
chanical energy  Ma6  and  heat  Qa6  added  to  the  body  in  the 
course  of  its  change  of  state, 


It  remains  to  be  determined  whether  the  quantity  Uafi  is 
really  equal  to  the  change  of  a  quantity  E^  -f  Eo  whose  value, 
save  for  an  arbitrary  additive  constant  Eo,  is  uniquely  deter- 
mined by  the  thermodynamic  state  x  of  the  body  ;  whether 


To  establish  that  Ua6  is  equal  to  the  change  of*  such  a  quan- 

tity, it  is  necessary  to  establish  that  Uafi  is  determined  by   the 

states  a,6  ;  it  is  necessary  to  establish  that  Uo6  is  independent 

•of  the  path  of  the  change  of  state  aby  and  of  the  supplemen- 

tary change  of  state. 

The  necessary  condition,  that  Ua6  is  determined  by  the  states 

*  Without  transfer  of  heat  to  or  from  the  mass. 
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cijb   is  also  the  sufficient  condition.     For,  if  this  condition   is 
fulfilled,  with  regard  to  any  paths  oa,  ab  we  shall  have 


whence, 


Hence, 

ua6  =  uo6-uoa. 

Taking  the  state  o  as  a  fixed  state  of  reference,  Uoft  is  deter- 
mined by  the  state  6,  and  Uoa  by  the  state  a.  So  Ua6  is  equal 
to  a  quantity  determined  by  6,  less  a  quantity  determined  by  a. 
It  follows  that  Ua6  is  equal  to  the  concurrent  change  of  the 
value  of  a  quantity  Ex  +  Eo  uniquely  determined  by  the  ther- 
modynamic  state  of  the  body  ;  though  Ex  may  be  determined 
in  different  ways  in  different  contiguous  regions  of  state. 

The  First  Law 

Extended  and  careful  experimental  study  has  been  made  of 
thermodynamic  processes  in  which  mechanical  operations  sup- 
plement changes  of  the  temperatures  and  changes  of  the  states 
of  aggregation  of  bodies,  and  of  processes  in  which  various 
changes  of  thermodynamic  state  supplement  changes  of  the 
temperatures  of  other  bodies  and  often  mechanical  actions  as 
well.  The  results  obtained  in  an  immense  number  of  such  ex- 
periments give  extensive  support  to  the  hypothesis  that  the 
algebraic  sum  of  the  mechanical  energy  and  heat  added  to  a 
body  in  any  change  of  its  thermodynamic  state  is  independent 
of  the  supplementary  change  of  state,  and  of  the  path  of  the 
change  of  state. 

These  results  therefore  lead  to  the  conclusion  that  :  The 
algebraic  sum  of  the  mechanical  energy  arAd  heat  added  to  a 
body  undergoing  a  change  of  thermodynamic  state  is  equal  to 
the  concurrent  change  of  a  quantity  whose  value,  save  for  an 
arbitrary  additive  constant,  is  uniquely  determined  by  the 
thermodynamic  state  of  the  body, 


E.-E.. 
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This  conclusion  is  the  first  laiv  of  thermodynamics.  The  quan- 
tity Ex  -f  Eo  is  the  energy  of  the  body.  The  justification  of  the 
first  law  of  thermodynamics  lies  largely  in  the  extended  and 
exact  agreement  of  its  consequences  with  experience. 

The  Calory 

The  heat  unit  determined  by  the  quantity  of  mechanical 
energy  requisite  to  raise  unit  mass  of  water  through  the  interval 
r  —  rr  =  1  is  termed  the  calory.  The  calory  is  practically 
identical  with  the  specific  heat  of  water  at  rr  (usually  15°  C.). 
When  expressed  in  mechanical  units  it  is  known  as  the  me- 
chanical equivalent  of  heat. 


CHAPTER  III.     THE  SECOND  LAW  OF  THERMODYNAMICS 

i.  The  problem 

In  order  to  express  the  first  law  of  thermodynamics, 
E6  -  Eo  =  Ma6  +  Q^, 

by  means  of  quantities  determined  by  the  thermodynamic  state 
of  the  body  undergoing  the  change  of  state  ab,  it  is  necessary 
to  express  each  of  the  terms  Mafe  and  Qa6  by  means  of  such 
quantities. 

The  first  of  these  terms,  the  quantity  of  mechanical  energy 
Ma&  added  to  the  body,  can  readily  be  expressed  in  this  way 
when  the  path  of  the  change  of  state  ab  is  a  reversible  path, — 
when  it  is  a  continuous  succession  of  thermodynamic  '  states.' 
For,  in  this  case,  the  positive  or  negative  quantity  of  mechan- 
ical energy  added  is  the  work  Wab  of  the  forces  supported  by 
the  body.  The  work  of  such  a  force  is  the  product  of  the  force 
into  the  effected  displacement ;  and,  at  every  point  of  the  path, 
the  force  is  counterbalanced  by  a  force  exerted  by  the  body. 
The  force  and  the  displacement  are  quantities  that  are  deter- 
mined by  the  thermodynamic  states  of  the  body. 

A  reversible  change  of  state,  to  be  sure,  is  a  mathematical 
process  and  not  a  physical  one.  Yet  a  reversible  path  can  in 
general  be  closely  approximated  by  an  actual  path  conducted 
with  great  slowness ;  and  the  study  of  reversible  processes  leads 
to  a  very  interesting  theory  of  the  equilibrium  and  stability  of 
thermodynamic  states. 

The  formulation  of  reversible  additions  of  work  to  a  body 
may  be  illustrated  as  follows.  In  a  reversible  compression,  let 
the  force  acting  on  unit  area  of  the  compressed  body  be  a  uni- 
form and  normally  directed  pressure.  The  pressure  supported 
by  the  body  is  the  pressure  p  '  of  the  body ' ;  and  the  work 

b 

w«  -  -  S  ^8V 

a 

added  to  the  body  on  an  assigned  reversible  path  is  the  limit, 
with  regard  to  this  path,  of  the  sum  of  successive  small  addi- 
tions of  work  —  pSV,  when  the  successive  volume  decrements 
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—  8V  are  made  to  vanish.  This  limit  may  be  represented  by 
an  area  in  a  diagram  whose  rectangular  coordinates  are  p,  V. 
If,  now,  within  the  region  of  states  traversed  by  the  path  of 
compression,  the  physical  quantities  p,  V  are  expressed  as  func- 
tions of  independent  measurable  physical  quantities  whose 
values  determine  the  thermodynamic  states  of  the  body ;  and 
if  the  reversible  path  is  determined  by  a  known  relation 

P=p(V); 

the  work  added  to  the  body  in  the  process  of  compression  re- 
ceives the  analytical  expression 


•I 


Obviously,  the  quantity  of  work  Wa6  depends  on  the  form 
of  the  function  p(V).  Depending  thus  on  the  path  of  integra- 
tion, it  is  the  integral  of  the  inexact  differential  expression 


Ib 


IcT 


\ 


5\     4d 


a  ai  3  3i 

FIG.  4. 

-pdV.  Suppose,  for  example,  that  a  given  mass  of  air  is 
brought  by  reversible  compression  from  the  state  p  =  4,  V  =  3, 
to  the  state  p  =  9,  V  =  2,  i.  e.,  from  the  state  a  to  the  state  b 
in  Fig.  4.*  And  suppose  the  change  of  state  ab  to  be  effected 
on  six  successive  paths,  determined  respectively  by  the  relations 

Path  1.  pV  =  12,  to  Y  =  2  ;  then  V  =  2. 

"     2.  pY2=  36. 
*  Through  an  oversight  these  states  are  indicated  by  a  and  (3  in  the  figure. 
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Path  3.  p  =  19  -  5V. 

«     4.  V  =  3,  to  p  =  9  ;  then  p  =  9. 

«     5.  p  =  431.5  -  563.25V  +  225V2  -  31.25V3. 

"     6.  p  =  6  =h  1/13  —  V^ 

Indicating   the  volume  limits  Va,  V6  by  a,6,  the  quantities  of 
work  added  to  the  mass  of  air  on  these  successive  paths  are  : 


-+0        -12  log  =4.87 

v  i 

=  -36fv-  -**(Y-T) 

jT(19-5V>rV-19(V.-V,) 

+  |(V!-V.«)-6.6 
=  0-9  f  dV  =  9(Va  -  Vs)  =  9.0 


-j[V(V)dV          =J" 


-f   I    (6  -  i/13  -  V2)d  V  =  10.2 

« 


Whatever  be  the  forces  acting  upon  a  body  undergoing  a  re- 
versible change  of  thermodynamic  state,  the  work  Wab  of  these 
forces,  as  in  the  above  illustrative  case,  will  depend  in  general 
on  the  path  of  the  change  of  state.  Now,  we  have 


E4-Ea=Wo,  +  Qat, 


where  the  change  of  the  energy  of  the  body  is  independent  of 
the  path  of  the  change  of  state.  It  follows  that  the  positive 
or  negative  quantity  of  heat  Qa6  added  to  a  body  undergoing  a 
reversible  change  of  thermodynamic  state  depends  in  general 
on  the  path  of  the  change  of  state.  The  question  arises 
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whether  this  transfer  of  heat  can  be  expressed  by  means  of 
quantities  determined  by  the  state  of  the  body.  This  is  the 
problem  with  which  the  present  chapter  is  concerned. 

2.  A  mechanical  analogy 

A  transfer  of  heat  may  be  regarded  as  being  a  transfer  of  a 
quantity  of  stored  work.  If  an  expenditure  of  work  has  raised 
the  temperature  of  a  block  of  metal,  and  a  subsequent  cooling 
of  the  block  transfers  a  quantity  of  heat  to  a  contiguous  body, 
the  work  expended  was  l  stored '  in  effecting  a  change  of  state 
of  the  block,  and  this  stored  work  is  transferred  to  the  contiguous 
body.  A  quantity  of  heat  is  a  quantity  of  stored  work. 

When  a  barrel  of  flour  has  been  raised  from  the  basement  to 
the  n-th  floor  of  a  warehouse,  the  work  absorbed  by  the  barrel 
has  been  i  stored '  as  the  potential  energy  of  the  barrel.  When 
the  barrel  is  transferred  from  the  n-th  floor  to  an  elevator,  the 
stored  work  is  transferred  to  the  elevator.  And  the  stored 
work  so  transferred  is  the  product  of  the  level  of  the  elevator 
into  the  change  of  its  load.  In  this  way,  the  quantity  of 
potential  energy  transferred  is  expressed  by  means  of  quanti- 
ties determined  by  the  state  of  the  elevator. 

If,  now,  a  transferred  quantity  of  heat  can  be  regarded  as 
having  been  produced  in  some  similar  way  by  an  expenditure 
of  work,  it  may  prove  possible  to  express  the  transfer  by  means 
of  quantities  analogous  to  the  level  and  change  of  load  of  the 
elevator,  and  so  by  means  of  quantities  determined  by  the 
thermodynamic  state  of  the  body  to  which  the  heat  is  added. 
Let  us  proceed  to  examine  the  possibilities  of  this  idea. 

3.  Heat  transfers  and  temperature  equalization 

On  transferring  a  barrel  of  flour  to  a  freight  elevator  at  the 
basement  floor,  transporting  the  barrel  to  the  n-th  floor,  and 
returning  the  elevator  to  the  basement,  a  net  expenditure  of 
work  is  converted  into  a  transfer  of  potential  energy  at  the 
n-ih  floor :  through  a  cyclical  change  of  the  state  of  the  ele- 
vator, an  expenditure  of  work  is  converted  into  a  transfer  of 
potential  energy  at  a  given  height.  Through  the  agency  of  a 
cyclical  operation,  can  an  expenditure  of  work  be  converted 
into  a  transfer  of  heat  at  a  given  temperature  f 

A  transfer  of  heat  to  or  from  a  body  occurs  through  the  tend- 
ency of  bodies  having  different  temperatures  to  attain  a  com- 
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mon  temperature  when  they  are  brought  into  contact  with  each 
other.  Thus  two  contiguous  metal  blocks  at  different  tempera- 
tures will  attain  thermal  equilibrium  at  an  intermediate  tem- 
perature. When  the  cooling  of  a  metal  block  supplements  an 
isothermal  evaporation,  or  when  a  warming  of  the  block  sup- 
plements an  isothermal  condensation  of  vapor,  the  block  attains 
the  temperature  of  the  evaporating  or  condensing  fluid.  When 
the  freezing  of  a  mass  of  wax  at  its  melting  temperature  ra 
supplements  the  fusion  of  ice  at  its  melting  temperature  rl  <  r2, 
the  two  bodies  maintain  their  temperatures  until  the  freezing  or 
the  fusion  is  complete  ;  whereupon  the  resulting  solid  wax  or 
liquid  water  attains  the  temperature  of  the  other  body. 

The  operation  wherein  two  contiguous  bodies  attain  a  com- 
mon temperature  is  a  spontaneously  occurring  process.  Now, 
every  actual  thermodynamic  process  is  a  spontaneously  occur- 
ring change  of  the  state  of  a  body  composed  of  all  the  bodies 
participating  in  the  operation  :  it  is  a  spontaneous  change  of 
the  state  of  an  isolated  body.  And  it  is  an  important  principle, 
that  every  spontaneously  occurring  thermodynamic  process  can 
be  utilized  for  the  production  of  work.  Consider  a  block  of 
metal  falling  freely  from  one  level  to  another  *  ;  or  a  mass  of 
gas  expanding  freely  into  a  vacuum.  By  means  of  a  cord  run- 
ning over  a  pulley,  the  falling  block  can  be  made  to  raise  another 
block  ;  by  means  of  a  piston  in  a  cylinder,  the  expanding  gas 
can  be  made  to  do  work  against  an  opposing  pressure.  In  these 
cases,  as  in  all  others,  the  maximum  work  obtainable  is  obtained 
when  the  process  is  conducted  reversibly  :  the  falling  block  yields 
the  maximum  work  when  it  and  the  lifted  block  have  the  same 
weight ;  the  expanding  gas  yields  the  maximum  work  when  the 
opposing  pressure  is  equal  at  each  moment  to  the  pressure  of 
the  gas.  In  like  wise,  when  two  blocks  of  metal  attain  a  com- 
mon temperature,  the  process  is  a  spontaneous  one  and  can  be 
utilized  for  the  development  of  work.  And  the  maximum  work 
will  be  developed  when  the  operation  is  conducted  in  a  per- 
fectly controlled,  or  reversible,  manner. 

Reversible  equalization  of  the  initially  different  temperatures 
of  two  blocks  of  metal  can  be  conducted  in  the  following  way. 
Let  a  mass  of  some  gas,  having  the  temperature  r2  of  the  hot 
block,  and  being  confined  in  a  cylinder  under  a  piston  moving 
without  friction,  be  brought  into  contact  with  the  hot  block. 

*This  is  a  thermodynamic  process;  for  at  the  lower  level  the  potential 
energy  lost  by  the  body  is  converted  into  heat. 
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On  reversible  expansion,  the  gas  will  develop  work,  and  will 
absorb  heat  from  the  hot  block,  the  common  temperature  of  the 
two  bodies  falling  thereby  to  r2  —  B^.  Let  the  cylinder  now 


FIG.  5. 

be  removed  from  contact  with  the  block,  and  the  gas  be  adiabat- 
ically  *  expanded  until  its  temperature  has  fallen  to  the  temper- 
ature TJ  of  the  cold  block.  Next,  after  establishing  contact 
with  the  cold  block,  let  the  gas  be  reversibly  compressed  until 
the  path  of  its  change  of  state,  as  represented  for  example  in 
the  />,V-diagram,  Fig.  5,  meets  the  adiabatic  path  passing 
through  the  point  representing  the  initial  state.  In  this  com- 
pression the  gas  absorbs  work,  and  the  common  temperature  of 
the  two  bodies  rises  to  TI  -f  £2r.  Removing  the  cylinder  from 
contact  with  the  block,  adiabatic  compression  restores  the  gas 
to  its  initial  state.  In  this  cycle  of  operations  the  gas  has 
reversibly  developed  the  quantity  of  work  represented  by  the 
area  of  the  closed  figure  in  the  diagram.  And  the  temperature 
difference  of  the  two  blocks  is  now  less  than  it  initially  was, 
by  the  amount  S,T  -f-  S2r.  On  a  sufficient  number  of  repeti- 
tions of  this  cyclical  operation,  the  blocks  will  have  been 
brought  to  a  common  temperature ;  and  the  maximum  work 
obtainable  from  the  temperature  equalization  will  have  been 
developed.  The  net  result  is  that  the  change  of  state  of  the 
metal  blocks  has  been  supplemented  by  a  change  of  state  con- 
sisting of  an  absorption  of  work. 

It  is  easily  seen  that  the  heat  developed  by  the  hot  block  is 
equal  to  the  sum  of  the  heat  absorbed  by  the  cold  block  and 
the  work  developed.  For,  in  the  succession  of  cyclical  opera- 

* '  Adiabatic '  changes  of  the  thermodynamic  state  of  a  body  are  changes  in 
•which  no  heat  is  transferred  to  or  from  the  body. 
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tions,  the  working  gas  has  absorbed  the  heat  Q2  from  the  hot 
block,  has  developed  the  heat  Qt  transferred  to  the  cold  block, 
and  has  developed  the  work  W.  Each  operation  being  cyclical, 
the  outstanding  change  of  the  energy  E  of  the  gas  is  zero ;  so, 
by  the  first  law  of  thermodynamics, 

AE  =  W  +  Q 
o  =  Q2-Ql-W. 

It  will  be  remarked  that  the  final  temperature  of  the  blocks 
is  not  the  temperature  that  would  have  been  attained  had  the 
process  occurred  in  a  wholly  spontaneous  way  —  without  devel- 
opment of  work.  The  bearing  of  this  important  observation 
will  be  made  the  subject  of  Chapter  V. 

It  will  not  be  out  of  place,  at  this  point,  to  examine  in  de- 
tail the  reversible  equalization  of  the  temperatures  of  our 
blocks  by  the  agency  of  a  succession  of  cyclical  operations. 
Let  the  two  blocks  have  the  temperatures  r?  and  TI  <  rr  Let 
the  state  of  the  mass  of  gas  in  the  cylinder  be  represented  by 
the  point  at  in  Fig.  6.  Beginning  with  expansion  in  contact 


FIG.  6. 

with  the  hot  block  until  the  common  temperature  of  the  block 
and  the  gas  has  fallen  to,  say,  rg,  the  cycle  ala2a3a4  will  bring 
the  cold  block  to  the  temperature  r2.  Before  repeating  the 
operation,  the  gas  must  be  brought  from  its  end  temperature  r7 
to  r6.  Suppose  this  done  adiabatically,  so  that  only  a  transfer 
of  work  will  be  involved.  The  work  represented  by  the  area  a 
is  developed.  The  cycle  bf>J)J)±  will  now  bring  the  blocks  to 
the  respective  temperatures  r5  and  TS  ;  and  in  bringing  the  gas 
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from  r6  to  T5,  in  preparation  for  the  concluding  cycle,  the  work 
represented  by  the  area  /3  is  developed. 

The  concluding  cycle,  which  begins  with  the  gas  at  cl9  must 
be  so  conducted  as  exactly  to  equalize  the  temperatures  of  the 
two  blocks,  which  now  are  r5  and  ry  Let  C  in  Fig.  7,  in 
which  the  concluding  cycle  is  represented  alone,  be  the  path  of 


FIG.  7. 

expansion  of  the  gas  in  contact  with  the  hot  block.  As  the 
representative  point  moves  along  C,  the  adiabatic  passing 
through  this  point  moves  with  it,  as  does  the  intersection  of 
this  adiabatic  with  the  isotherm  r3,  as  does  the  line  passing 
through  this  intersection  and  representing  the  path  of  compres- 
sion, from  the  intersection,  if  the  gas  were  in  contact  with  the 
cold  block.  As  the  representative  point  moves  along  C,  the 
intersection  of  this  path  of  compression  with  the  adiabatic 
passing  through  ct  rises  continuously  from  the  point  64 ;  and 
the  isotherm  passing  through  the  representative  point  falls  con- 
tinuously from  r5.  At  some  intermediate  temperature  T4,  the 
isotherm  of  the  intersection  and  the  isotherm  of  the  represen- 
tative point  will  coincide.  The  representative  point  will  then 
be  c2,  and  the  path  of  compression  will  be  c3c4.  The  cycle 
Cic2csc4  wiU  leave  the  two  blocks  at  exactly  the  same  tempera- 
ture r4. 

At  the  close  of  this  concluding  cycle,  the  state  of  the  auxil- 
iary working  body,  the  gas,  is  represented  by  the  point  cx  in 
Fig.  6.  Adiabatic  compression  to  the  point  ax  will  restore  the 
gas  to  the  state  it  was  in  at  the  outset  of  the  series  of  opera- 
tions. This  absorbs  the  work  represented  by  the  areas  a,/3, 
which  previously  was  developed.  The  net  result,  now,  is  that 
in  three  cyclical  operations  the  gas  has  absorbed  three  quanti- 
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ties  of  heat  2Q2  at  temperatures  above  r4,  has  developed  three 
quantities  of  heat  2QL  at  temperatures  below  T4,  and  has  devel- 
oped the  work  2W  represented  by  the  areas  of  the  three  cycli- 
cal figures  in  the  _p,V -diagram.  Equalization  of  the  tempera- 
tures of  two  metal  blocks  has  been  supplemented  by  a  change 
of  state  consisting  of  an  absorption  of  work ;  and,  by  the  first 
law  of  thermodynamics,  the  energy  changes  associated  with 
these  supplementary  changes  of  state  are  connected  by  the 
relation 

o  =  (2Q2  -  2Q.)  -  2W. 
In  the  form 

2Q2  =  2Q,  +  2W, 

this  relation  may,  more  figuratively,  be  considered  to  assert  that 
the  quantity  of  heat  2Q2  absorbed  at  temperatures  above  r4 
has  been  converted  in  part  into  the  quantity  of  heat  2QT  devel- 
oped at  temperatures  below  T4,  and  in  part  into  the  developed 
work  2W. 

An  important  question  remains.  By  varying  the  cycles,  can 
the  blocks  be  reversibly  brought  to  a  common  temperature  dif- 
ferent from  T4?  Suppose  one  succession  of  cycles  to  bring 
them  to  TS.  Then  less  heat  than  before  will  be  absorbed  by 
the  gas,  more  heat  will  be  developed,  and  in  consequence  less 
work  will  be  developed.  We  shall  have  two  total  processes, 
one  bringing  the  blocks  to  T4  and  developing  the  work  W,  the 
other  bringing  the  blocks  to  r5  and  developing  the  work  w  <  W. 

Beginning  with  the  blocks  at  their  respective  temperatures 
T7,TP  let  the  first  process  bring  them  to  T4  and  develop  the 
work  W.  Then,  through  contact  with  some  sufficient  source 
of  heat,  let  them  be  brought  to  the  temperature  TS.  Now, 
through  reversal  of  the  second  process,  the  blocks  may  be  re- 
turned to  their  initial  state.  There  remains  a  change  consist- 
ing of  an  absorbtion  of  the  work  W  —  w,  supplemented  by  a 
fall  of  the  temperature  of  a  body  of  uniform  temperature.  But 
this  is  inadmissible.  If  a  fall  of  the  temperature  of  a  body  of 
uniform  temperature  could  supplement  an  absorption  of  work, 
it  would  be  possible  to  construct  a  motor  that  should  function 
at  the  expense  of  a  cooling  of  the  atmosphere  or  of  the  sea. 
This  possibility  cannot  be  admitted.  It  must  therefore  be  con- 
cluded that  reversible  equalization  of  the  temperatures  of  the 
blocks,  whatever  the  paths  of  the  auxiliary  cyclical  operations, 
will  always  bring  the  blocks  to  the  same  common  final  temper- 
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ature,  and  will  always  develop  the  same  amount  of  work  —  the 
maximum  that  the  spontaneous  process  of  temperature  equaliza- 
tion can  supply. 

A  reversal  of  this  operation  would  result  in  causing  an  ex- 
penditure of  work  to  effect  a  separation  of  the  temperatures  of 
the  two  metal  blocks.  In  each  of  the  reversed  cyclical  opera- 
tions, the  temperature  of  one  of  the  blocks  would  fall,  that  of 
the  other  would  rise,  and  a  positive  quantity  of  work  would  be 
absorbed.  A  change  of  state  consisting  of  a  development  of 
work  would  supplement  the  change  of  state  of  the  two  blocks. 
Here  again  the  equation  formulating  the  change  of  the  energy 
of  the  working  gas  shows  that  the  sum  of  the  supplied  work 
and  the  heat  developed  by  the  cooling  block  is  equal  to  the  heat 
absorbed  by  the  block  whose  temperature  is  raised, 

o  =  W  +  Q,  -  Qr 

It  may  be  considered  that  the  work  supplied  is  converted  into 
a  portion  of  the  heat  that  is  added  to  the  block  whose  tempera- 
ture is  raised. 

4.  Carnot  cycles 

The  operation  last  described,  in  which  the  working  gas  ab- 
sorbs heat  at  lower  temperatures  and  absorbs  work,  with  a  con- 
sequent development  of  both  in  the  form  of  heat  at  the  higher 
temperatures,  is  roughly  analogous  to  the  operation  of  a  freight 
elevator  employed  to  transport  a  barrel  of  flour  from  one  floor 
of  a  warehouse  to  a  higher  floor,  the  elevator  being  thereupon 
returned  to  its  initial  position.  For,  in  this  operation,  the  ele- 
vator absorbs  potential  energy  at  a  lower  level  and  absorbs  work, 
with  a  consequent  development  of  both  in  the  form  of  poten- 
tial energy  at  the  higher  level.  The  analogy  would  be  more 
complete  if  the  transfers  of  heat  in  the  thermodynamic  opera- 
tion were  made  at  constant  temperatures,  which  would  then  cor- 
respond to  the  constant  floor-levels  of  the  working  elevator. 

In  any  one  of  the  cyclical  operations  employed  in  the  rever- 
sible equalization  of  the  temperatures  of  two  metal  blocks,  the 
change  of  the  temperature  of  each  block  would  be  infinitesimal 
if  the  blocks  were  relatively  very  large.  In  such  a  case  the 
transfers  of  heat  to  and  from  the  working  gas  would  be  almost 
perfectly  isothermal.  But  it  will  be  more  satisfactory  to  con- 
sider transfers  made  in  wholly  isothermal  processes.  For  ex- 
ample, let  the  hot  block  be  replaced  by  a  mass  of  liquid  wax  at 
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its  melting  temperature  r2,  and  the  cold  block  by  a  mass  of  ice 
at  its  melting  temperature  rl  <  r2.  Utilizing  the  same  auxili- 
ary mass  of  gas  as  before,  reversible  expansion  of  the  gas  in 
contact  with  the  wax  will  cause  the  gas  to  absorb  a  quantity  of 

heat  Q2  at  the  constant  tem- 
perature T2.  Then,  after  adia- 
batic  expansion  to  the  temper- 
ature TJ,  compression  of  the 
gas  in  contact  with  the  ice  will 
cause  the  gas  to  develop  the 
quantity  of  heat  QL  at  the  con- 
•  stant  temperature  rl  ;  where- 
upon adiabatic  compression 
will  restore  the  gas  to  its  in- 

itial state.  The  net  result  is  that  the  gas  absorbs  the  heat  Q2, 
and  develops  the  heat  Qt  and  the  work  W.  Therefore,  by  the 
first  law  of  thermodynamics, 


FIG.  8. 


The  freezing  of  some  wax  and  the  melting  of  some  ice  have 
been  supplemented  by  a  change  of  state  consisting  of  an  ab- 
sorption of  work.  The  quantity  of  heat  Q2  has  been  absorbed 
at  the  temperature  T2,  and  this  quantity  of  heat  has  been  con- 
verted into  the  work  W  developed  and  the  heat  Q,  given  out 
at  the  temperature  rr  This  state  of  affairs  is  conveniently 
represented  by  the  diagram  of  Fig.  9. 

If  the  operation  is  reversed,  the  quantity  of  heat  QL  is  ab- 
sorbed by  the  gas  from  the  freezing  water  at  the  temperature  rv 


— Q2 
W 

— Q, 


FIG.  9. 


W 

—  Q, 


FIG.  10. 


the  work  W  is  taken  up,  and  the  sum  of  the  two  is  transferred 
to  the  melting  wax  at  the  temperature  r2.  This  is  represented 
by  the  reversed  diagram  shown  in  Fig.  10. 

Any  reversible  isothermal  addition  of  heat  to  a  body  can  be 
utilized  as  one  of  the  steps  of  such  a  cycle  of  thermodynamic 
operations.  Even  an  isothermal  transfer  of  heat  that  does  not 
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alter  the  volume  of  the  working  body  can  be  so  utilized.  To 
illustrate  this,  let  the  isothermal  process  be  an  isometric  * 
absorption  of  the  quantity  of  heat  Q2  by  a  body  composed  of 
coexistent  masses  of  ice,  liquid  water,  and  water  vapor  at  the 
freezing  temperature  r2  of  water.  The  process  will  involve 
fusion  of  some  of  the  ice,  and  a  slight  increase  of  the  mass  of 
the  vapor  —  the  specific  volume  of  the  liquid  being  less  than 
that  of  the  ice.  Now,  on  adiabatic  expansion,  the  working 
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FIG.  ll.f 

body  will  first  be  converted  into  coexistent  masses  of  ice  and 
vapor,  without  change  of  temperature  ;  and  will  then  be  brought 
to  a  temperature  rl  <  r2.  On  isothermal  compression  at  this 
temperature,  until  the  path  of  compression  meets  the  adiabatic 
path  passing  through  the  initial  state,  a  portion  of  the  vapor 
will  condense  (solidify)  with  development  of  a  quantity  of  heat 
Qr  The  adiabatic  compression  concluding  the  cycle  will  raise 
the  temperature  of  the  mass  until  liquefaction  begins  at  T2,  and 
will  then  adiabatically  and  isothermally  restore  the  body  to  its 
initial  state.  In  this  cyclical  operation,  the  working  body  will 
have  absorbed  the  heat  Q2  at  the  temperature  r2,  will  have  de- 
veloped the  heat  Qx  at  the  temperature  rv  and  will  have  de- 

*  Occurring  at  constant  volume. 

t  A  reader  familiar  with  thermodynamics  will  recognize  that  the  ordinate 
i2  of  the  upper  diagram,  which  is  so  chosen  that  on  an  isothermal  path  ab 

Qa6  =  ®b &a, 

is  the  product  #S  of  the  absolute  temperature  #  and  the  entropy  S  of  the 
body.  For  example,  in  this  diagram, 
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veloped  the  quantity  of  work  W  represented  by  the  enclosed 
area  in  the  p,V-diagram  of  Fig.  11.     The  process,  as  before, 


is  represented  by  the  diagram, 


W 
— Q, 


Any  reversible  cyclical  thermodynamic  operation  composed 
of  two  isothermal  processes  and  two  adiabatic  processes  is 
termed  a  Carnot  cycle.  In  any  Carnot  cycle,  the  quantity  of 
heat  ±  QL  absorbed  by  the  working  body  at  the  lower  tempera- 
ture, the  quantity  of  heat  zp  Q2  absorbed  by  the  body  at  the 
higher  temperature,  and  the  quantity  of  work  =fc  W  absorbed, 
are  connected  by  the  relation 

o=W  +  Q1-Q2; 
and  this  relation  can  always  be  represented  by  one  or  the  other 


of  the  two  diagrams 


—  Q2     T2 

•—  Q2 

W 

W 

-Q,     r, 

—  Q, 

5.  The  operation  of  a  freight  elevator 

In  a  Carnot  cycle,  the  heat  QL  absorbed  at  the  temperature 
TJ,  and  the  work  W  absorbed  by  the  working  body,  may  be 
regarded  as  having  been  transformed  into  the  heat  Q2  devel- 
oped at  the  temperature  r2.  In  a  similar  way,  the  potential 
energy  QL  added  to  a  freight  elevator  with  a  barrel  of  flour  at 
the  height  TV  and  the  work  W  absorbed  by  the  elevator  in 
transporting  the  barrel  to  the  height  T2  and  returning  the  empty 
elevator  to  its  initial  position,  are  regarded  as  having  been 
transformed  into  the  potential  energy  Q2  developed  by  the 


elevator  at  the  height  r2.     The  diagrams, 


W 
—  Q, 


— Q2 
W 

— Qi 


employed  to  represent  the  operation  of  the  Carnot  cycle,  repre- 
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sent  the  action  of  the  elevator  in  transporting  a  barrel  of  flour 
from  one  floor  of  a  warehouse  to  another.* 

In  view  of  this  analogy,  we  shall  undertake  to  examine  how 
any  given  reversible  positive  or  negative  addition  of  potential 
energy  to  any  elevator  can  be  expressed  by  means  of  quantities 
determined  by  the  state  of  the  elevator ;  and  thereupon  we 
shall  seek  to  determine  whether  any  given  reversible  positive 
or  negative  addition  of  heat  to  any  body  can,  in  the  same  way, 
be  expressed  by  means  of  quantities  determined  by  the  state  of 
the  body. 

In  the  thermodynamic  problem,  the  quantities  that  may  be 
supposed  to  be  given  are :  an  arbitrary  scale  of  temperatures  T, 
the  quantities  of  heat  QT,Q2  transferred  to  and  from  the  work- 
ing body  traversing  any  Carnot  cycle,  and  the  work  W  of  the 
cycle.  In  the  analogous  problem  of  the  elevator,  it  shall  be 
supposed  that  the  height  of  the  elevator  is  determined  with  ref- 
erence to  an  irregular  scale  of  heights  r  chalked  off  in  the 
elevator  shaft,  and  that  the  quantities  of  potential  energy  Q1? 
Q2  transferred  to  and  from  the  elevator  in  any  of  its  cyclical 
operations,  and  the  work  W  of  the  cycle,  are  given.  It  is 
required  that  any  given  reversible  transfer  Qa6  of  potential 
energy  to  or  from  the  elevator  shall  be  analytically  expressed 
by  means  of  quantities  that  are  shown  to  be  determined  by  the 
state  of  the  elevator,  and  to  be  determinable  from  the  given 
data. 

It  is  obvious  that  the  quantity  of  potential  energy  Qa6  trans- 
ferred in  a  change  of  state  of  the  elevator  from  the  state  a  to 
the  state  6  is  not  equal  to  the  concurrent  change  of  a  quantity 
determined  by  the  state  of  the  elevator.  For  the  value  of  Qa6 
depends  on  the  path  ab ;  wherefore  Qa6  is  certainly  not  a  dif- 
ferentiable  function  of  quantities  determined  by  the  state  of  the 
elevator.  Yet  the  differential  of  the  transfer  of  potential  energy 
can  be  given  a  definite  meaning.  Let  W,Q  be  the  work  and 
potential  energy  absorbed  by  the  elevator  in  any  reversible 
change  of  state  beginning  with  the  state  of  reference  f  in  which 

*  The  analogy  between  a  Carnot  cycle  and  the  cyclical  operation  of  an 
elevator  is,  however,  not  complete.  Transfer  of  heat  to  or  from  a  body,  at 
a  constant  temperature,  involves  in  general  a  transfer  of  work  ;  but  transfer 
of  potential  energy  to  or  from  the  elevator,  at  a  constant  height,  involves  no 
transfer  of  work.  Again,  an  isothermal  transfer  of  heat  has  a  definite  value 
in  work-units  ;  but  the  value  of  a  transfer  of  potential  energy  at  a  constant 
height  depends  on  the  position  of  the  level  of  reference,  and  this  level  may 
be  chosen  arbitrarily. 

fThis  state  might  be  that  of  the  empty  elevator  at  the  level  of  the  base- 
ment floor. 
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the  assigned  value  of  the  energy  E  of  the  elevator  is  zero.  In 
this  process, 

E  =  W  +  Q. 

Here  the  energy  E  appears  as  a  function  of  the  independent 
variables  W,  Q.  In  consequence,  at  any  point  on  any  reversi- 
ble path, 

dE  =  dW  -f  dQ, 

where  dQ,  is  the  differential  of  the  independent  continuous 
variable  Q. 

Now,  instead  of  treating  the  perfectly  definite  dQ  as  an  inde- 
pendent differential,  it  is  desired  to  express  it  by  means  of 
quantities  determined  by  the  state  of  level  and  load  of  the  ele- 
vator. If  #  is  the  level  (expressed  in  units  of  equal  length), 
and  S  is  the  load  (the  total  weight  of  the  elevator  and  its  cargo), 
the  differential  dQ  is  so  expressed  in  the  formulation 


When  the  elevator  passes,  on  any  assigned  path,  from  the  state 
a  to  any  other  state  6,  the  concurrent  addition  of  potential 
energy  to  it  is 


Q»-    f  "MS, 

•Ja 


the  integration  being  taken  over  any  assigned  path  of  integration 

=  o. 


In  particular,  when  the  elevator  passes  at  the  constant  level  0 
from  the  state  a  to  the  state  /3,  the  addition  of  potential  energy  is 


It  will  be  noted  that 


wherein  the  energy  appears  as  a  function  of  independent  varia- 
bles $,S  that  are  determined  by  the  state  of  the  elevator  ;  and 
that  the  independent  differential  dQ  has  been  replaced  by  the 
inexact  differential  expression 

in  these  variables. 
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But  the  relation 


is  of  no  use  to  us  until  it  is  shown  that  this  relation  is  satisfied 
by  quantities  $,S  that  are  determined  by  the  state  of  the  ele- 
vator and  can  be  found  from  the  given  data.  For  our  knowl- 
edge is  supposed  to  be  limited  by  the  given  data.  From  the 
given  data  it  must  be  shown  that  reversible  transfers  of  poten- 
tial energy  to  or  from  the  elevator  can  be  expressed  by  means 
of  determinable  quantities  $,S  determined  by  the  state  of  the 
elevator.  When  this  is  accomplished,  our  problem  is  clear. 
It  is  to  establish  whether  the  positive  or  negative  transfers  of 
heat  to  a  body  in  any  reversible  change  of  its  thermodynanr'c 
state  can  be  expressed,  in  the  way  in  which  transfers  of  poten- 
tial energy  to  the  elevator  are  expressed,  by  means  of  a  deter- 
minate '  thermal  level  '  $  and  a  determinate  (  thermal  load  '  S 
of  the  body.  For  the  solution  of  this  problem,  it  is  necessary 
to  show  that  the  argument  applicable  to  the  operation  of  the 
elevator  can  be  applied,  without  ambiguity  or  contradiction,  to 
the  analogous  behavior  of  a  body  undergoing  reversible  changes 
of  thermodynamic  state. 

6.  The  thermal  level  of  a  body 
1.   I1  he  Initial  Definition 

The  first  step  in  the  execution  of  the  programme  just  out- 
lined is  to  determine  the  numerical  value  of  the  level  &  corre- 
sponding to  any  given  height  T  of  a  given  elevator,  —  to  replace 
the  irregular  scale  of  heights  T  by  a  scale  of  levels  in  which 
the  unit  difference  of  level  is  a  constant  length. 

According  to  the  formulation  dQ  =  &dS  that  we  seek  to 
establish,  when  the  elevator  executes  a  cyclical  operation  of  the 
Carnot  type,  transporting  a  load-increment  S^  —  Sa  from  the 
level  #.  to  the  level  $y  >  #f,  it  absorbs  at  #.  the  potential  energy 


and  it  absorbs  at  &.  the  potential  energy 
Qi=^(8s-Sa). 
Since  the  energy  of  the  elevator  is  not  altered  in  the  operation, 
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we  have 

o  =  AE 


When  the  elevator  executes  a  succession  of  such  cyclical 
operations  transporting  the  load-increment  S^  —  Sa  from  height 
to  height,  and  each  cycle  absorbs  the  same  quantity  of  work 
W,  the  first  cycle  absorbs  the  potential  energy 

Q,  =  »&,  -  SJ 
at  the  initial  height  rv  and  develops  the  potential  energy 

Q,-*,(s,-s.) 

at  the  second  height  r2  ;  the  second  cycle  absorbs  the  potential 
energy  Q2  at  T2,  and  develops  the  potential  energy 


at  the  third  height  r3  ;  and  so  on.  In  any  such  succession  of 
cycles,  the  potential  energy  developed  at  a  height  rm  in  any 
one  of  the  cycles  is  equal  to  the  potential  energy  absorbed  at 
rm  in  the  succeeding  cycle.  Such  a  succession  of  *  equal-work 
cycles  '  shall  be  termed  a  series  of  cycles.  In  each  cycle  of 
such  a  series  the  quantities  W  and  S^  —  Sa  are  constant  ;  where- 
fore, by  (1),  the  level-increments  are  the  same  for  all.  In 
accordance  with  this  state  of  affairs,  we  begin  with  the  definition  : 

DEF.  The  change  of  level  &n  —  &  corresponding  to  any 
given  change  of  height  rn  —  r  of  an  elevator  is  the  number  of 
cycles  in  any  '  series  '  of  cycles  between  the  two  heights. 

In  applying  this  definition,  the  unit  difference  of  level  shall 
be  arbitrarily  fixed  by  assigning  a  fixed  number  of  cycles  to  a 
series  between  two  given  heights. 

In  the  thermodynamic  problem,  following  the  same  proce- 
dure, we  begin  with  the  definition  : 

DEF.  The  change  of  thermal  level  &n  —  &  corresponding  to 
any  given  change  of  temperature  TM  —  r  of  a  body  is  the  num- 
ber of  Carnot  cycles  in  any  '  series  '  of  such  cycles  between  the 
two  temperatures. 
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By  a  <  series '  of  Carnot  cycles  is  meant  a  succession  of 
'  equal-work  cycles/  in  which  the  quantity  of  heat  developed 
at  a  temperature  rm  in  any  one  of  the  cycles  is  equal  to  the 
quantity  of  heat  absorbed  at  rm  in  the  succeeding  cycle.  And 
here,  as  in  the  elevator  problem,  the  unit  difference  of  thermal 
level  shall  be  arbitrarily  fixed  by  assigning  a  fixed  number  of 
cycles  to  a  series  between  two  given  temperatures. 

2.   The  Fundamental  Principle 

It  must  now  be  shown  whether  the  foregoing  definitions  de- 
fine determinate  quantities.  In  the  elevator  problem  it  must 
be  shown  whether  the  number  of  cycles  in  any  series  of  cycles 
between  two  given  heights  is  determined  by  these  heights ;  in 
the  thermodynamic  problem  it  must  be  shown  whether  the 
number  of  Carnot  cycles  in  any  series  of  such  cycles  be- 
tween two  given  temperatures  is  determined  solely  by  these 
temperatures. 

In  the  elevator  problem  the  governing  consideration  is  the 
principle  that :  A  development  of  potential  energy  at  constant 
height  cannot  supplement  an  absorption  of  work.  If  this  prin- 
ciple were  not  true,  it  would  be  possible  to  gain  work  through 
pushing  a  weight  about  at  a  constant  height.  In  a  cyclical 
operation  of  the  elevator,  work  can  be  gained  only  when  a  weight 
is  transferred  from  some  floor  of  the  warehouse  and  to  a  lower 
floor.  The  concurrent  work-absorption  of  the  mechanism  con- 
trolling the  elevator  is  then  supplemented  by  the  process  occur- 
ring at  the  one  floor,  together  with  the  process  occurring  at  the 
other  floor.  A  development  of  potential  energy  at  a  given 
floor  cannot  alone  supplement  an  absorption  of  work. 

In  the  thermodynamic  problem  the  corresponding  principle 
is  that  :  An  isothermal  development  of  heat,  or  a  cooling  of  a 
body  having  a  uniform  temperature,  cannot  supplement  an  ab- 
sorption of  work.  It  has  already  been  noted  that  contiguous 
bodies  having  different  temperatures  spontaneously  acquire  a 
common  intermediate  temperature  ;  and  that  this  spontaneous 
process,  like  all  others,  can  be  made  to  supplement  an  absorp- 
tion of  work.  When  the  bodies  have  the  same  temperature, 
no  spontaneous  temperature  equalization  is  possible;  and,  in 
consequence,  no  work  can  be  gained  from  their  thermal  action 
on  each  other.  If  this  were  not  so,  an  absorption  of  work 
could  be  supplemented  by  a  cooling  of  a  body  of  uniform  tem- 
perature. It  would  be  possible  to  construct  a  motor  that 


T       """ 
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should  function  at  the  expense  of  a  cooling  of  the  atmosphere 
or  of  the  sea. 

3.   The  Theorem  of  Carnot 

An  immediate  consequence  of  the  principle  that  a  develop- 
ment of  potential  energy  at  a  constant  height  cannot  supplement 
an  absorption  of  work  is  the  theorem  that  the  work 
W  [Q,  rn  —  r]  absorbed  in  a  cycle  in  which  an  elevator  func- 
tions between  any  two  heights  r  and  TM  >  T,  and  in  which  a 
given  quantity  of  potential  energy  Q  is  absorbed  at  T,  is  inde- 
pendent of  the  elevator  and  of  the  nature  of  the  changes  of 
state  involved. 

To  prove  this,  consider  two  such  cycles,  one  absorbing  Q  with 
a  barrel  of  flour  and  one  absorbing  Q  with  a  barrel  of  pork  ; 
or  one  conducted  with  the  elevator  A 
~*Qr>  and  one  with  the  elevator  B.  Suppose 
W  w  the  two  cycles  to  absorb  different  qnan- 
tities  of  work,  W  and  W.  On  revers- 
ing the  operation  of  the  cycle  absorb- 
ing W  >  W,  the  two  cycles  can  be  coupled  as  represented  by 
the  diagram.  In  each  cyclical  operation,  the  change  of  the 
energy  of  the  elevator  employed  is  zero, 

Q;  _  Q  _  W  =  o 
-Qn+Q  +  W  =  o; 
whence,  by  addition, 

Q1-Q.-W-W. 

We  find,  that  is  to  say,  that  an  absorption  of  the  work  W  —  W 
is  supplemented  by  a  development  of  the  potential  energy 
Q^  __  Q  at  the  constant  height  rn.  This  being  inadmissible, 
we  have 

W  =  W; 
which  was  to  be  proved. 

An  extension  of  the  conclusion  just  established  is  the  theorem 
that  a  cycle  operating  between  the  given  heights  r,rn,  and  hav- 
ing a  &-fold  absorption  of  potential  energy  at  r,  has  a  &-fold 
work-absorption.  In  the  notation  employed  above, 


To  demonstrate  this  theorem,  consider  a  cycle  working  be- 
tween T  and  TB,  absorbing  the  potential  energy  Q  at  T,  and  ab- 
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sorbing  the  work  W.     And  suppose  that  a  second  cycle,  work- 
ing between  the  same  heights 


Q'rT- 


W1 


— kQ. 


kW 


and  absorbing  &Q  at  r,  absorbs 

the    work    W  4=  kW.      The 

latter  cycle,  when  its  operation 

is   reversed,    may  be  coupled 

with  k  of  the  former  cycles,  as  represented  by  the  diagram- 

(This  will  be  the  arrangement  if  W  >  kW.     If  W  <  kW, 

all  the  cycles  should  be  reversed).     The  cyclical  change  of  the 

energy  of  each  elevator  being  zero, 


_  &     - 


o 


=  o 


-  &      =  W  -  kW. 


whence,  by  addition, 


We  find  that  an  absorption  of  the  work  W'  —  kW  is  supple- 
mented by  a  development  of  the  potential  energy  Q^  —  &Qn  at 
the  constant  height  rn.  This  being  inadmissible,  we  have 

W  =  kW  ; 

which  was  to  be  proved.  The  argument  here  is  identical  with 
that  given  in  connection  with  the  first  diagram. 

Since,  now,  a  cycle  operating  between  given  heights  T,TW  and 
having  a  &-fold  absorption  of  potential  energy  Q  has  a  Mold 
work-absorption,  irrespective  of  the  elevator  and  of  the  nature 
of  the  changes  of  state  involved,  it  appears  that  the  ratio 

Q 


is  determined  by  the  heights  T,rn  alone.     From 

a)  ^--/(-) 

W    —  J\T>Tnh 

by  substituting  W  =  Qn  —  Q,  we  find 

Q.    /+1. 


(2) 


f 
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and,  by  multiplying  (1)  and  (2), 

(3)  W~f+l- 

It  thus  appears  that  the  ratios  of  the  three  quantities  Q,  Qn,  W 
are  determined  by  the  heights  T,rn  alone.  This  theorem  is  a 
consequence  of  the  fundamental  principle  that  a  development 
of  potential  energy  at  constant  height  cannot  supplement  an 
absorption  of  work. 

We  now  proceed  to  develop  the  corresponding  theorem  re- 
lating to  Carnot  cycles  of  thermodynamic  operations.  From 
the  fundamental  principle  that  an  isothermal  development  of 
heat  cannot  supplement  an  absorption  of  work,  it  follows  that 
the  work  W[Q,  rn  —  r]  of  a  Carnot  cycle  operating  between 
any  two  temperatures  T,TW,  and  in  which  a  given  quantity  of 
heat  Q,  is  absorbed  at  r,  is  independent  of  the  working  body 
and  of  the  nature  of  the  changes  of  state  involved. 

To  prove  this,  consider  two  such  cycles,  these  cycles  involv- 
ing either  the  same  or  different  operations  with  the  same  work- 

ing body  (which  may,  for  example,  be 
~Qn  taken  initially  at  different  states),  or 
involving  different  working  bodies. 
Suppose  the  two  cycles  to  absorb  dif- 
ferent quantities  of  work,  W  and  W'. 
On  reversing  the  cycle  absorbing  W'  >  W,  the  two  cycles  can 
be  coupled  as  represented  by  the  diagram.  In  each  cyclical 
operation,  the  change  of  the  energy  of  the  working  body  is 
zero 


-  QH  +  Q  +  W  =  o  ; 
whence,  by  addition, 


We  find  that  an  absorption  of  the  work  W7  -  W  is  supple- 
mented by  a  development  of  the  heat  Q^  —  Qn  at  the  constant 
temperature  rn.  This  being  inadmissible,  we  have 

W'  =  W; 

which  was  to  be  proved. 
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An  extension  of  this  conclusion  is  the  theorem  that  a  Carnot 
cycle  operating  between  the  given  temperatures  T,rn,  and  having 
a  &-fold  absorption  of  heat  at  T,  has  a  &-fold  work-absorption, 


To  show  this,  consider  a  cycle  working  between  r  and  rn,  ab- 
sorbing the  heat  Q  at  T,  and  absorbing  the  work  W.  And  sup- 
pose that  a  second  cycle,  work- 
ing between  the  same  tempera-  Tn  QrT* 
tures  and  absorbing  &Q,  at  r,  w1  kW 

absorbs  the  work  W  =|=  kW. 
The  latter  cycle,  when  its 
operation  is  reversed,  may  be  coupled  with  k  of  the  former 
cycles,  as  represented  by  the  diagram.  (This  will  be  the 
arrangement  if  W  >  kW.  If  W<  KW,  all  the  cycles  should 
be  reversed.)  The  cyclical  change  of  the  energy  of  each  work- 
ing body  being  zero, 


— kQ— 


whence,  by  addition, 

Q  _  k      =  W'  -  kW. 


We  find  that  an  absorption  of  the  work  W  —  kW  is  supple- 
mented by  a  development  of  the  heat  Q^  —  kQn  at  the  constant 
temperature  rn.  This  being  inadmissible,  we  have 

W  =  kW  ; 

which  was  to  be  proved. 

Since,  now,  a  Carnot  cycle  operating  between  given  temper- 
atures T,TM  and  having  a  &-fold  absorption  of  heat  Q  has  a 
&-fold  work-absorption,  irrespective  of  the  working  body  and 
of  the  nature  of  the  changes  of  thermodynamic  state  involved, 
it  appears  that  the  ratio 

Q 

W[Q,T.-T] 

is  determined  by  the  temperatures  r,rn  alone.     From 
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by  substituting  W  =  Qn  —  Q,  we  find 

Qn         f±l  Qft  f. 

Q=     /  W~J 

It  thus  appears  that  the  ratios  of  the  three  quantities  Q,  Qn,  W 
are  determined  by  the  temperatures  r,rn  alone.  This  is  the 
theorem  of  Carnot.  It  is  a  consequence  of  the  fundamental 
principle  that  an  isothermal  development  of  heat  cannot  supple- 
ment an  absorption  of  work. 

4.    Changes  of  Thermal  Level 

We  are  now  in  position  to  establish  the  validity  of  the  initial 
definition  of  the  present  theory  (cf.  p.  44)  : 

DEF.  The  change  of  level  &n  —  &  corresponding  to 
any  given  change  of  height  rn  —  r  of  an  elevator  is  the  number 
of  cycles  in  any  '  series  '  of  cycles  between  the  two  heights. 

In  applying  this  definition,  the  unit  difference  of  level  is  to 
be  fixed  by  assigning  a  fixed  number  of  cycles  to  the  series 
between  two  given  heights.  It  must  be  shown  that,  when  the 
unit  difference  of  level  is  so  fixed,  the  definition  defines  a  quan- 
tity that  is  independent  of  the  elevator  and  of  the  nature  of  the 
changes  of  state  involved  in  the  series  of  cycles. 

The  problem  reduces  to  the  question :  If  each  cycle  of  some 
one  series  absorbs  the  work  W,  and  each  cycle  of  some  other 
series  absorbs  the  work  W ;  and  if  the  initial  cycle  of  each 
series  operates  between  any  two  fixed  heights  T1?r2;  will  the 
successive  cycles  of  each  series  involve  transfers  of  potential 
energy  at  the  same  heights,  Tj,T2,T3,T4,  •  •  •  ?  If  they  will  do  so, 
it  will  be  possible  to  determine  the  unit  difference  of  level  in 
the  way  prescribed  ;  and  the  change  of  level  corresponding  to 
a  given  change  of  height  will  thereupon  be  determined  by  the 
terminal  heights. 

Let  Q1?  and  QJ  =  K^,  be  the  quantities  of  potential  energy 
absorbed  at  T,  in  the  two  series.  By  the  theorem  correspond- 
ing to  Carnot's  theorem,  we  shall  have 

W  =  kW 

Q;  =  /<Q2. 

In  the  second  cycles  of  the  series,  Q2  and  Q2  are  absorbed,  Q3 
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and  Qg  are  developed,  and  we  have 

Q3  =  Q2  +  w 

o;  =  Q;  +  w- 

W) 


In  general,  we  find  that, 

Q;  =  *Q,,  Q;  =  *Q2,  Q;  =  AQS,  etc. 

It  follows  that, 

,  QI.^.Q; 

W 


kW 


and  so  on.  That  is  to  say,  the  heights  rn  determined  by  the 
ratios  Q^/'W  are  identical  with  those  determined  by  the  ratios 
Qn/W.  In  each  series  the  transfers  of  potential  energy  occur 
at  the  same  heights  :  the  definition  of  the  change  of  level 
&n  —  &  defines  a  quantity  that  depends  only  on  the  heights  r,rn. 


The  validity  of  the  definition  of  changes  of  thermal  level  is 
to  be  established  in  the  same  way.  The  definition  is  : 

DBF.  The  change  of  thermal  level  &n  —  &  corresponding  to 
any  change  of  temperature  rn  —  T  of  a  body  is  the  number  of 
Carnot  cycles  in  any  '  series '  of  such  cycles  between  the  two 
temperatures. 

And  here,  as  in  the  elevator  problem,  the  unit  difference  of 
thermal  level  is  to  be  fixed  by  assigning  a  fixed  number  of 
cycles  to  the  series  between  two  given  temperatures.  It  must 
be  shown  that,  when  the  unit  difference  of  thermal  level  is  so 
fixed,  the  definition  defines  a  quantity  that  is  independent  of 
the  working  body  and  of  the  nature  of  the  changes  of  state  in- 
volved in  the  series  of  cycles.  The  problem  reduces  to  the 
question  :  If  each  cycle  of  some  one  series  absorbs  the  work  W, 
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and  each  cycle  of  some  other  series  absorbs  the  work  W  ;  and 
if  the  initial  cycle  of  each  series  operates  between  any  two  fixed 
temperatures  r1?T2  ;  will  the  successive  cycles  of  each  series  in- 
volve transfers  of  heat  at  the  name  temperatures,  T1,T2,r3,r4,  •  •  •  ? 
If  they  will  do  so,  it  will  be  possible  to  determine  the  unit  dif- 
ference of  thermal  level  in  the  way  prescribed  ;  and  the  change 
of  thermal  level  corresponding  to  a  given  change  of  tempera- 
ture will  thereupon  be  determined  by  the  terminal  temperatures. 
Let  Qj,  and  QI  =  K^,  be  the  quantities  of  heat  absorbed  at 
TJ  in  the  two  series.  By  Carnot's  theorem,  we  shall  have 

W  = 

Q;  = 

In  the  second  cycles  of  the  series,  Q2  and  Q2  are  absorbed,  Q3 
and  Qg  are  developed,  and  we  have 


Q;  =  Q;  4  w 

In  general  we  find  that, 


etc. 

It  follows  that, 


and  so  on.  That  is  to  say,  the  temperatures  rn  determined  by 
the  ratios  Q^/W'  are  identical  with  those  determined  by  the 
ratios  Qn/W.  In  each  series  of  cycles  the  transfers  of  heat 
occur  at  the  same  temperatures  :  the  definition  of  the  change  of 
'  thermal  level  '  &n  —  &  defines  a  quantity  that  depends  only  on 
the  temperatures  r,rn. 
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5.   The  Thermal  Level 

In  the  elevator  problem,  we  now  have  a  means  by  which  any 
prescribed  change  of  the  level  of  a  given  elevator  can  be 
realized.  In  particular,  any  unit  change  of  this  level  can  be 
realized.  But,  in  the  level  unit  chosen,  the  value  of  the  level 
#  corresponding  to  any  assigned  height  r  is  yet  indeterminate,  — 
the  scale  of  levels  contains  as  yet  an  arbitrary  additive  constant. 

Yet  the  value  of  &  can  be  determined  from  the  available  data. 
Our  undertaking,  it  will  be  recalled,  is  to  establish  the  exist- 
ence of  quantities  $,S  determined  by  the  state  of  the  elevator 
and  such  that  the  differential  expression  &dS  shall  be  equal  to 
the  independent  differential  dQ, 


If  such  quantities  exist,  the  potential  energy  absorbed  by  the 
elevator  in  any  change  of  state  aft  occurring  at  the  constant 
height  r  is 

(l)  Q* 


Again,  on  any  path  for  which  dQ  =  o,  and  accordingly 
c?E  =  dTWj  we  have  dS  =  o.  So,  on  the  path  subject  to  the 
condition  c£Q  =  o  and  passing  through  the  state  a.  (respectively 
the  state  /3),  we  find  S  ==  Stt  (respectively  8  =  80).  Conse- 
quently, on  paths  at  the  constant  heights  T,TM  intercepting  these 
paths  S  ,80,  we  have 

Q.  -*.(s-s.) 


Further,  by  the  energy  law, 


So  the  quantity  &  that  it  is  sought  to  establish  must  satisfy  the 
relation 


and,  in  particular,  with  reference  to  a  cycle  operating  through 
the  now  realizable  interval  of  height  corresponding  to  #n—  #  =  1 
(which  shall  be  termed  a  '  one-degree  cycle  '),  it  must  satisfy 


(2) 
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Since,  now,  the  quantity  $  must   satisfy  both  (1)  and  (2), 
which  are 


it  appears  that  it  must  satisfy  the  relation 


According  to  this  equation,  the  level  $  corresponding  to  any 
accessible  height  T  is  determined  by  a  ratio  that,  by  the  theorem 
analogous  to  the  theorem  of  Carnot,  is  uniquely  determined  by 
the  height  T. 

Thus  the  level  $  is  determined,  not  by  its  excess  above  an 
arbitrary  value  assigned  to  some  height  of  reference,  but  so 
that  it  shall  satisfy  the  equation 


It  is  determined  so  that  any  quantity  of  potential  energy  Qa/3 
transferred  at  the  level  $  may  be  regarded  as  producible  by 
transport  of  a  weight  S3  —  Sa  to  the  level  #  from  the  level 
from  which  the  given  value  of  Qa/3  is  actually  reckoned. 


In  the  thermodynamic  problem,  we  now  have  a  means  by 
which  any  prescribed  change  of  the  thermal  level  of  any  given 
body  can  be  realized.  In  particular,  any  unit  change  of  this 
level  can  be  realized.  But,  in  the  level  unit  chosen,  the  value 
of  the  thermal  level  $  corresponding  to  any  assigned  tempera- 
ture T  is  yet  indeterminate,  —  the  scale  of  thermal  levels  con- 
tains as  yet  an  arbitrary  additive  constant. 

Yet  the  value  of  &  can  be  determined  from  the  available 
data.  It  will  be  recalled  that,  in  pursuing  the  analogy  between 
the  thermodynamic  behavior  of  a  body  and  the  operation  of  a 
freight  elevator,  it  is  sought  to  establish  the  existence  of  quan- 
tities $,  S  determined  by  the  thermodynamic  state  of  the  body 
and  such  that  the  differential  expression  &dS  shall  be  equal  to 
the  independent  heat-differential  dQ, 
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If  such  quantities  exist,  the  quantity  of  heat  absorbed  by  the 
body  in  any  reversible  isothermal  change  of  state  a/3  is 

(1)  Q.s  -  0(8,  -  S.). 

In  this  proposed  relation,  the  quantity  of  heat  Qa/3  appears 
as  the  concurrent  change  of  the  quantity  $S,  and  so  as  inde- 
pendent of  the  isothermal  path  aft.  The  relation  is  inadmissi- 
ble unless  it  can  be  shown  that  Qa/3  is  independent  of  the  path 
a/3.  For,  a  given  reversible  isothermal  change  of  the  thermo- 
dynamic  state  of  a  body  may,  in  general,  occur  on  different 
paths.  Consider,  for  example,  the  isothermal  dilution  of  an 
aqueous  solution  of  cane  sugar  by  an  added  mass  of  water.  This 
process  may  be  conducted  reversibly  by  reversible  evaporation 
of  the  water,  expansion  of  the  resulting  vapor,  and  condensation 
of  this  vapor  upon  the  solution.  It  can  be  reversibly  con- 
ducted on  a  different  path,  in  consequence  of  the  fact  that  the 
two  liquids  can  be  separated  by  a  piston  permeable  only  by  the 
water.  When  so  separated,  the  tendency  of  the  liquids  to  mix 
—  the  l  affinity  '  between  the  sugar  and  the  water  —  can  be 
counterbalanced  by  a  force  applied  to  the  piston.  On  infini- 
tesimally  relaxing  this  force,  a  reversible  isothermal  dilution  of 
the  solution  is  effected. 

Consider  any  two  reversible  isothermal  paths  between  the 
states  a,/3  of  any  given  body.  The  change  of  the  energy  of  the 
body  is  the  same  along  each  path, 


=  w;,  +  Q;,. 

Further,  the  quantities  of  work  Wa/3  and  Waft  are  equal  ;  for, 
if  they  were  not,  an  isothermal  cycle,  forward  on  one  path  and 
back  on  the  other,  would  give  rise  to  an  absorption  of  work 
supplemented  by  an  isothermal  development  of  heat,  in  con- 
flict with  the  fundamental  principle  from  which  the  theorem  of 
Carnot  is  deduced.  Consequently, 

Qaj3   =  Qa/3   J 

the  heat  transfer  Qa/3  is  independent  of  the  isothermal  path  a/3.* 

*  Another  form  of  this  argument  is  as  follows.     Consider  the  body  to 
traverse  two  Carnot  cycles,  between  any  two  temperatures  r  and  rn  >  r,  ab- 
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Now,  any  reversible  adiabatic  change  of  the  thermodynamic 
state  of  a  body  is  subject  to  the  condition  dQ  =  o  ;  wherefore 
the  relation, 


that  #,S  are  required  to  satisfy,  requires  that  on  any  adiabatic 
path  c/S  =  o.  So,  on  an  adiabatic  passing  through  the  state  a 
of  the  body  (respectively  the  state  /:?),  we  find  S  =  Sa  (respec- 
tively 8  =  80).  Consequently,  on  isotherms  T,TM  intercepting 
these  adiabatics  Sa,S0,  we  have 

Q.  -m-sj 
Q«-AS,-sj. 

Further,  by  the  first  law  of  thermodynamics, 


So  the  thermal  level  #  -that  it  is  sought  to  establish  must  satisfy 
the  relation 


and,  in  particular,  with  reference  to  a  cycle  operating  through 
the  now  realizable  temperature  interval  corresponding  to 
#n  —  $  =  1  (which  shall  be  termed  a  <  one-degree  cycle  '),  it 
must  satisfy 

(2) 


Since,  now,  the  thermal  level  #  must  satisfy  both  (1)  and  (2), 
which  are 


it  appears  that  it  must  satisfy  the  relation 


W[Q.,,1°] 


sorbing  —  Q»  at  rn,  and  absorbing  Q«/3,Qa/3  «»  different  paths  a/3  at  r.     By 
the  theorem  of  Carnot,  the  ratios 


are  equal  to  the  same  function  of  r,rn.     It  follows  that  Qa/s  =  Q«0- 
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According  to  this  equation,  the  thermal  level  &  corresponding 
to  any  accessible  temperature  T  is  determined  by  a  ratio  that, 
by  the  theorem  of  Carnot,  is  uniquely  determined  by  the 
temperature  T. 

Thus  the  thermal  level  $  is  determined,  not  by  its  excess 
above  an  arbitrary  value  assigned  to  some  temperature  of  ref- 
erence, but  so  that  it  shall  satisfy  the  equation 


It  is  determined  so  that  any  quantity  of  heat  Qa/3  added  to  a 
body  at  the  temperature  T  has  the  value  that  it  would  have  if  it 
were  produced  from  the  work  absorbed  in  a  '  series  '  of  one- 
degree  cycles  beginning  at  a  hypothetical  thermal  level  &  =  o, 
at  which  level  an  isothermal  operation  absorbs  no  heat.  The 
existence  of  such  a  level  does  not  enter  into  the  argument  at  all. 
The  analogy  of  this  formulation  with  the  formulation  of  the 
level  of  an  elevator  whose  zero  level  is  inaccessible  is  obvious. 
The  possibility  of  the  formulation  is  a  consequence  of  the 
theorem  of  Carnot. 

7.  The  thermal  load  of  a  body 

Now  that  a  means  has  been  found  for  the  determination  of 
the  levels  $  corresponding  to  all  the  accessible  heights  of  an 
elevator,  it  is  sought  to  establish  that  the  relation 


is  satisfied  by  the  differential  of  a  quantity  S  that  is  determined 
by  the  state  of  the  elevator  and  can  be  found  from  the  given 
data.  That  the  expression 


is  equal  to  the  differential  of  a  quantity  that  is  determined  by 
the  state  of  the  elevator  will  be  established  if  it  is  established 
that 

SdQ 
~#  =°' 

where  the  summation  is  extended  over  any  reversible  closed 
path  of  change  of  the  state  of  the  elevator. 
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The  level  $  of  the  elevator  absorbing  the  potential  energy 
Qa/J  at  the  height  T  is  uniquely  defined  by  the  relation 


Let  Qn  be  the  potential  energy  absorbed  at  any  height  rn  >  T 
on  any  path  intercepted  by  the  paths  S^S^.  The  level  $  cor- 
responding to  the  height  rn  is  determined  by 


Since  (  one-degree  cycles  '  operating  between  given  paths,  for 
each  of  which  c?Q  =  o,  absorb  equal  quantities  of  work,  we 
have 


So,  with  reference  to  any  cycle  in  which  the  elevator  absorbs 
the  potential  energy  Qa/3  at  T,  and  absorbs  —  -  Qn  at  rn,  we  shall 
have 

7Q_^  A    .-~Q», 

W  '         -     IT' 

whence,  writing  Q  for  Qa/3, 

Q.Q, 


Any  reversible  closed  path  of  change  of  the  state  of  level 
and  load  of  the  elevator  can  be  approximated 
by  a  broken  path  composed  of  successive  paths 
belonging  to  a  succession  of  cycles  of  the  Gar- 
not  type.  If,  in  any  one  of  these  cycles,  8Q 
be  the  potential  energy  absorbed  at  the  lesser 

height  T,  and  —  SQu  be  that  absorbed  at  the  greater  height  rn, 

we  shall  have 


wherefore,  on  summing  over  the  whole  group  of  cycles, 


THE   SECOND    LAW   OF   THERMODYNAMICS  59 

or,  considering  the  summation  to  be  extended  over  the  broken 
cyclical  path, 


<>• 


If,  now,  it  may  be  assumed  that  the  quantity  of  potential  energy 
absorbed  on  the  initially  given  path  is  the  limit  of  the  sum  of 
the  quantities  absorbed  on  the  successive  portions  of  the  broken 
for  which  dr  =  o,  we  shall  have 


=  o, 


the  summation  being  taken  over  the  initially  closed  path.  It 
follows  that  the  expression  dQ/$  is  equal  to  the  differential  of  a 
quantity  S  determined  by  the  state  of  the  elevator, 


It  is  accordingly  shown  that  the  relation 


is  satisfied  by  the  differential  of  a  quantity  S  that  is  determined 
by  the  state  of  the  elevator,  and  that,  by  means  of  the  relation 


can  be  found  from  the  given  data.  The  quantity  S  is  the  l  load  ' 
of  the  elevator.  Being  defined  by  its  differential,  the  load 
contains  an  arbitrary  additive  constant.  This  constant  So  is 
the  arbitrarily  assigned  value  of  the  load  when  the  elevator  is 
in  an  arbitrarily  chosen  state  of  reference. 


We  now  return  to  the  thermodynamic  problem.  Now  that 
a  means  has  been  found  for  the  determination  of  the  thermal 
levels  &  corresponding  to  all  the  accessible  temperatures  of  a 
body,  it  is  sought  to  establish  that  the  relation 
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is  satisfied  by  the  differential  of  a  quantity  S  that  is  determined 
by  the  thermodynaraic  state  of  the  body  and  can  be  found  from 
the  given  data.  That  the  expression 


is  equal  to  the  differential  of  a  quantity  that  is  determined  by 
the  state  of  the  body  will  be  established  if  it  is  established  that 


where  the  summation  is  extended  over  any  reversible  closed 
path  of  change  of  the  thermodynamic  state  of  the  body. 

If  this  relation  is  obtainable,  it  must  follow  from  the  rela- 
tion connecting  the  heat  transfers  of  a  Carnot  cycle  with  the 
thermal  levels  at  which  these  transfers  are  made.  The  thermal 
level  #  of  a  body  absorbing  the  heat  Qa/J  at  the  temperature  T 
is  uniquely  defined  by  the  relation 


Let  Qrt  be  the  heat  absorbed  at  any  temperature  rn  >  T  on  any 
isothermal  path  intercepted  by  any  two  adiabatic  paths  passing 
through  the  states  a,/3.  The  thermal  level  #n  corresponding 
to  the  temperature  rn  is  determined  by 


Since  'one-degree  cycles'  operating  between  given  adiabatic 
paths  absorb  equal  quantities  of  work,  we  have 


So,  with  reference  to  any  cycle  in  which  the  body  absorbs  Qa/ 
at  T,  and  absorbs  —  Qn  at  TM,  we  shall  have 


, 

W  '       •        W 
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whence,  eliminating  W, 


o. 


It  thus  appears  that,  when  Q  is  the  heat  absorbed  at  r  in  any 
Carnot  cycle  operating  between  any  two  temperatures  T,  rn,  we 
have 


If  it  be  assumed  that  the  path  of  any  reversible  change  of 
the  thermodynamic  state  of  a  body  lies  in  the  continuous  field 
of  a  family  of  isothermal  paths  ;  and  if  it  be  assumed  that  the 
path  lies  also  in  the  continuous  field  of  a  family  of  adiabatic 


paths  ;  it  may  be  concluded  that  any  reversible  closed  path  can 
be  approximated  by  a  broken  path  composed  of  successive 
isothermal  and  adiabatic  paths  belonging  to  a  succession  of 
Carnot  cycles. 

If,  in  any  one  of  these  cycles,  8Q  be  the  heat  absorbed  at  the 
lower  temperature  r,  and  —  £Qn  be  that  absorbed  at  the  higher 
temperature  rn,  we  shall  have 

8Q 


wherefore,  on  summing  over  the  whole  group  of  cycles, 


or,  considering  the  summation  to  be  extended  over  the  broken 
cyclical  path, 
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If,  now,  it  may  be  assumed  that  the  heat  absorbed  on  the 
initially  given  path  is  the  limit  of  the  sum  of  the  quantities  of 
heat  absorbed  on  the  successive  isothermal  portions  of  the 
broken  path,  we  shall  have 

-#-  =  °> 

the  summation  being  taken  over  any  reversible  cyclical  change 
of  the  thermodynamic  state  of  any  body.  It  follows  that  the 
expression  c?Q/$  is  equal  to  the  differential  of  a  quantity  S 
determined  by  the  thermodynamic  state  of  the  body, 

*_* 

The  quantity  S  is  the  '  thermal  load ?  of  the  body.  In  any 
reversible  change  of  the  thermodynamic  state  of  the  body  from 
any  state  a  to  any  other  state  6,  the  concurrent  change  of  the 
thermal  load  of  the  body  is 


The  quantity  S,  being  defined  by  its  differential,  contains  an 
arbitrary  additive  constant.  When  the  scale  of  thermal  levels 
$  corresponding  to  the  accessible  temperatures  T  of  a  given 
scale  of  temperatures  is  once  established,  the  thermal  load  of 
the  body  is  determined  by  the  relation 


where  the  summation  is  taken  over  any  reversible  thermo- 
dynamic path  from  an  arbitrarily  chosen  state  of  reference,  in 
which  state  the  thermal  load  has  the  arbitrarily  assigned  value 

s.- 

It  is  therefore  established  that  the  relation, 


suggested  by  the  behavior  of  a  freight  elevator,  is  satisfied  by 
the  differential  of  a  quantity  S  that  is  determined  by  the 
thermodynamic  state  of  the  body  and  can  be  found  from  the 
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given  data.     This  conclusion  is  the  second  law  of  thermo- 
dynamics.    It  may  be  restated  in  the  words  : 

When  a  body  passes  from  any  thermodynamic  stale  a  to  any 
other  thermodynamic  state  b  in  a  reversible  thermodynamic  opera- 
tion, the  quantity 


s 


is  equal  to  the  concurrent  change  of  a  quantity  S,  which  quantity 
is  determined  by  the  state  of  the  body,  has  one  value  for  each  state, 
and  contains  an  arbitrary  additive  constant. 

8.  Reversible  transfers  of  heat 

The  aim  of  the  present  chapter  is  to  show  that  any  reversible 
addition  of  heat  Qaft  to  a  given  body  can  be  analytically  ex- 
pressed by  means  of  quantities  that  are  determined  by  the 
thermodynamic  state  of  the  body,  and  whose  values  can  be 
found  by  experimental  means.  This  aim  is  attained  in  the 
formulation 


where  the    integration    is    taken    over  an    assigned     path   of 
integration 

=  o. 


The  formulation  is  a  formulation  of  the  second  law  of  thermo- 
dynamics. It  represents  an  addition  of  heat  to  the  body  by 
means  of  the  thermal  level  and  thermal  load  of  the  body,  in 
exactly  the  way  in  which  additions  of  potential  energy  to  an 
elevator  are  represented  by  means  of  the  level  and  load  of  the 
elevator. 

With  reference  to  any  reversible  change  ab  of  the  thermo- 
dynamic state  of  a  given  body,  the  first  law  of  thermodynamics 


and  the  second  law  of  thermodynamics 


64  PRINCIPLES    OF    THERMODYNAMICS 

are  together  expressed  by  the  equation 


When  the  work  Wab  is  added  to  the  body  through  the  rever- 
sible action  of  a  uniform  and  normally  directed  pressure/),  we 
have 


E.-E.=  - 

where  V  is  the  volume  of  the  body,  and  the  work-integral  is 
taken  over  the  path  ^(p,Y)  =  o  determined  by  the  assigned 
path  of  integration  </>($,  S)  =  o. 

The  scale  of  thermal  levels  $,  for  the  reason  that  d-  is  a 
measure  of  temperature  and  is  independent  of  the  specific  prop- 
erties of  any  thermometric  body,  is  termed  the  scale  of  absolute 
temperatures.  The  thermal  load  S  of  any  given  body  is 
termed  the  entropy  of  the  body.  In  any  actually  occurring 
change  ab  of  the  thermodynamic  state  of  the  body,  the  concur- 
rent change  of  the  entropy  of  the  body  is  the  value  of  the  sum 


taken  over  any  reversible  path  between  the  end  states  a  and  b. 

9.  The  theorem  of  Carnot 
The  equation 
(1)  dQ  =  &dS 

renders  it  possible  to  express  the  theorem  of  Carnot  by  means 
of  the  absolute  temperatures  at  which  the  heat  transfers  occur 
in  a  Carnot  cycle.  In  the  foregoing,  the  theorem  of  Carnot 
has  been  expressed  by  the  relations, 


L      «      ^  ,  *      ,, 

Tff    —J(T>Tn)>          Q  J       >        W    ''~J    ' 

Now,  from  (1),  we  find 

Q  =#.AS 
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whence,  because  of  the  first  law  of  thermodynamics, 


-(#„-*)•  AS. 

These  equations  yield, 

Q_     *        Q,    *„    Q 


W     #„-#'     Q      #'     W     #.  — 
From  the  last  equation,  which  may  be  written 


it  appears  that,  in  the  operation  of  the  cycle,  the  fractional  part 


of  the  heat  absorbed  at  rn  is  converted  into  work.  This  fraction 
is  accordingly  termed  the  '  efficiency  '  of  the  cycle.  According 
to  Carnot's  theorem,  the  efficiency  of  .a  Carnot  cycle  depends  on 
the  temperatures  between  which  the  cycle  operates,  and  is  inde- 
pendent of  the  nature  of  the  working  body.  The  application 
of  this  observation  to  the  reversible  operation  of  an  elevator  is 
obvious. 

10.  Summary  of  Chapter  III. 

The  Problem 
In  order  to  express  the  first  law  of  thermodynamics, 


be  means  of  quantities  determined  by  the  thermodynamic  state 
of  the  body  undergoing  the  change  of  state  ab,  it  is  necessary 
to  express  the  terms  Ma6  and  Qa6  by  means  of  such  quantities. 
With  regard  to  a  reversible  path,  the  quantity  Ma6  is  the  work 
Wa6  of  forces  supported  by  the  body.  The  work  of  such  a 
force  is  the  product  of  the  force  into  the  effected  displacement  ; 
and  the  force  and  the  displacement  are  quantities  that  are  de- 
termined by  the  state  of  the  body.  The  work  Wab  depends  in 
general  on  the  path  ;  therefore  the  concurrent  transfer  of  heat 
depends  on  the  path.  It  is  required  to  show  whether  this 
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transfer  of  heat  can  be  expressed  by  means  of  quantities  de- 
termined by  the  thermodynamic  state  of  the  body. 

A  Mechanical  Analogy 

Any  isothermal  reversible  transfer  of  heat  to  or  from  a  body 
can  be  one  step  of  a  reversible  cyclical  operation  —  a  Carnot 
cycle  —  in  which  the  body  traverses  two  isothermal  and  two 
adiabatic  paths.  In  any  Carnot  cycle,  the  heat  absorbed  at  the 
lower  temperature  and  the  absorbed  work  are  together  con- 
verted into  the  heat  developed  at  the  higher  temperature.  And 
the  reverse. 

In  a  similar  way,  any  reversible  transfer  of  potential  energy 
to  or  from  a  freight  elevator  at  a  constant  height  can  be  one 
step  of  a  reversible  cyclical  operation  in  which  the  elevator 
transports  an  increment  of  load  between  different  heights.  In 
this  cycle,  the  potential  energy  absorbed  at  the  lesser  height 
and  the  absorbed  work  are  together  converted  into  the  poten- 
tial energy  developed  at  the  greater  height.  And  the  reverse. 

Accordingly,  the  thermodynamic  cycle  and  the  mechanical 
cycle  are  analogous  operations.  In  the  case  of  the  elevator, 
when  the  height  and  the  transferred  quantities  of  potential 
energy  and  of  work  are  given,  the  transfers  of  potential  energy 
can  be  analytically  expressed  by  means  of  quantities  that  are 
determined  by  the  state  of  the  elevator,  and  whose  values  can 
be  found  by  experimental  means.  For  the  independent  differ- 
ential c/Q  of  the  added  potential  energy  is  equal  to  the  expres- 
sion #dS,  where  the  '  level  '  #  and  l  load  '  S  of  the  elevator  are 
uniquely  determined  by  the  mechanical  state  of  the  elevator 
and  can  be  found  from  the  given  data. 

Can  the  analogous  thermodynamic  case  be  treated  in  the 
same  way  ?  When  the  temperatures  and  the  transferred  quan- 
tities of  heat  and  of  work  are  given,  can  the  transfers  of  heat 
be  expressed,  in  the  way  in  which  transfers  of  potential  energy 
to  or  from  the  elevator  are  expressed,  by  means  of  a  '  thermal 
level  '  and  a  {  thermal  load  '  of  the  body  ?  Is  the  relation 


satisfied  by  a  quantity  &  and  the  differential  of  a  quantity  S, 
which  quantities  $,S  are  uniquely  determined  by  the  thermo- 
dynamic state  of  the  body  and  can  be  found  from  the  given 
data?  It  must  be  shown  whether  the  reasoning  requisite  to 
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establish  this  relation  in  the  problem  of  the  elevator  will  estab- 
lish it  in  the  thermodynamic  problem. 

The  Thermal  Level  of  a  Body 

The  first  step  of  the  reasoning  is  to  define  the  increment 
$n  —  $  of  thermal  level,  corresponding  to  any  increment  rn  —  r 
of  temperature,  by  the  number  of  Carnot  cycles  in  any  <  series  ' 
of  such  cycles  between  the  two  temperatures.  When  expressed 
in  an  arbitrarily  chosen  unit,  is  this  defined  change  of  level  deter- 
mined by  T,rn  alone  ?  From  the  principle  that  an  isothermal 
development  of  heat  cannot  supplement  an  absorption  of  work, 
it  follows  that  the  work  W  absorbed  in  any  Carnot  cycle  oper- 
ating between  r,rn  and  absorbing  a  given  quantity  of  heat  Q,  at 
T  is  determined  by  r,rn  ;  and  it  follows  that  any  Carnot  cycle 
operating  between  T,TW  and  absorbing  &Q,  at  T  absorbs  kW. 
Hence  the  theorem  of  Carnot,  that  the  ratios  Q  :  Qn  :  W  depend 
on  r,rn  alone.  From  the  theorem  of  Carnot  it  follows  that  the 
change  of  thermal  level  $n  —  $  is  uniquely  determined  by  T,TTC. 

Thus  is  determined  any  prescribed  change  of  the  thermal 
level  &  of  a  given  body  ;  but  not  the  value  of  &  corresponding 
to  a  given  T.  If  the  relation 

=  MS 

is  satisfied  by  quantities  $,S  determined  by   the  state  of  the 
body,  the  level  #  must  satisfy 

(i)  Qrf-^-sj. 

This  consequence  requires  Qa/3  to  be  independent  of  the  iso- 
thermal path  a@.  That  this  requirement  is  fulfilled,  follows 
from  the  principle  that  an  isothermal  development  of  heat  can- 
not supplement  an  absorption  of  work.  Further,  on  an  adia- 
batic  path  S  must  satisfy  dS  =  o  ;  wherefore  in  a  Carnot  cycle 
S  must  satisfy 
(2)  W[QoS,l°]=S/i-8a. 

Since  $  must  satisfy  both  (1),  (2),  it  must  satisfy 


By  Carnot'  s  theorem,  the  thermal  level  &  defined  by  this  equa- 
tion is  determined  by  T  alone. 
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The  Thermal  Load  of  a  Body 
It  remains  to  establish  whether  the  relation 


is  satisfied  by  the  differential  of  a  quantity  S  that  is  uniquely 
determined  by  the  thermodynamic  state  of  the  body  and  can  be 
found  from  the  given  data.  In  any  Carnot  cycle  in  which  the 
body  absorbs  Q  at  T  and  absorbs  —  Qn  at  rn,  the  thermal  levels 
&&  are 


whence 


If  any  reversible  closed  path  of  change  of  the  thermodynamic 
state  of  the  body  can  be  approximated  by  a  succession  of  iso- 
thermal and  adiabatic  paths  belonging  to  a  succession  of  Carnot 
cycles  ;  and  if  the  quantity  of  heat  absorbed  on  the  closed  path 
is  the  limit  of  the  sum  of  the  quantities  of  heat  absorbed  on 
the  broken  path  ;  we  shall  have,  summing  over  the  closed  path, 


Sc?Q 
-gr  =  °- 


Subject  to  the  assumptions  here  made,  it  follows  that  dQ/&  is 
equal  to  the  differential  of  a  quantity  S  that  is  uniquely  deter- 
mined by  the  state  of  the  body.  This  conclusion  is  the  second 
law  of  thermodynamics. 

Transfers  of  Heat 

It  thus  appears  that  the  thermodynamic  state  of  a  body 
uniquely  determines  quantities  $,S  that  can  be  found  from  the 
given  data  and  are  such  that 


Accordingly,  in  the  formulation 

(* 

MS, 


THE   SECOND    LAW    OF    THERMODYNAMICS  69 

any  reversible  transfer  Qa6  of  heat  to  or  from  the  body,  on  any 
assigned  path  $($,S)  =  o,  is  represented  by  means  of  quantities 
determined  by  the  thermodynamic  state  of  the  body.  In  con- 
sequence, in  the  equation 

E  — E  =  W    - 

o  a  do 

the  first  law  of  thermodynamics  is  expressed  by  means  of  quan- 
tities so  determined.  The  '  thermal  level '  $  and  the  '  thermal 
load '  S  are  termed  the  absolute  temperature  and  the  entropy  of 
the  body. 


CHAPTER   IV.     THE  ABSOLUTE  TEMPERATURE 
i.  The  absolute  temperature  an  integrating  divisor 

It  shall  now  be  shown  how  the  absolute  temperatures  $  cor- 
responding to  the  temperatures  T  of  a  given  scale  of  accessible 
temperatures  can  be  expressed  by  means  of  r.  This  can  be 
done  by  expressing  the  definition  of  the  absolute  temperature 
by  means  of  properties  of  a  body  that  depend  in  a  known  way 
on  the  temperature  T  of  the  body.  For  the  definition  of  &  will 
then  be  expressed  by  means  of  functions  of  T.  We  must  begin, 
therefore,  by  expressing  &  by  means  of  thermodynamic  prop- 
erties of  some  body. 

We  shall  seek  to  connect  the  absolute  temperature  $  with  the 
temperatures  r  of  the  scale  of  a  constant  pressure  gas-thermom- 
eter. This  variable  T  is  defined  by  means  of  a  thermodynamic 
property  of  the  thermometric  gas.  So  the  definition  of  &  must 
be  expressed  by  means  of  thermodynamic  properties  of  some 
aeriform  body. 

Let  the  thermometric  body  be  a  given  mass  of  some  substance 
whose  liquid  states  exist  only  at  very  low  temperatures.  A 
given  mass  of  hydrogen,  or  of  nitrogen,  or  of  air  is  such  a  body. 
And  let  it  be  supposed  that  the  body  selected  is  acted  upon  by 
no  force  other  than  a  uniform  and  normally  directed  pressure. 
Over  a  wide  range  of  accessible  temperatures,  the  thermo- 
dynamic states  of  this  body  are  aeriform  states ;  and  it  is  ob- 
served that  these  realizable  aeriform  states  are  uniquely  de- 
termined by  the  volume  v  and  the  temperature  r  of  the  body. 

Within  the  region  of  the  realizable  aeriform  states  of  the  body, 
the  absolute  temperature  #  of  the  body  is  continuously  deter- 
mined by  the  variable  r;  and  the  entropy  s  of  the  body,  being 
determined  continuously  and  uniformly  by  the  state,  is  so  deter- 
mined by  the  continuous  variables  v,r.  Now,  any  quantity 
that  is  continuously  determined,  within  a  given  region,  by  one 
or  by  two  independent  variables  that  are  continuous  within  the 
region  can  be  expressed,  with  any  desired  accuracy,  by  a  rational 
function  of  the  variables,  of  a  finite  degree.  Any  empirical 
curve  or  surface,  that  is  to  say,  can  be  represented  by  a  diifer- 
entiable  function  of  the  variables  that  determine  it.  Accord- 
ingly, within  the  region  of  the  realizable  aeriform  states  of  the 

70 
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chosen  thermometric  body,  the  absolute  temperature  #  and  the 
entropy  s  of  the  body  can  be  considered  to  be  differentiable 
functions 


of  the  independent  continuous  variables  v,r. 

Within  this  region,  then,  for  the  independent  differential 
of  the  preceding  chapter  we  may  write 


=  cTdv  +  cvdr  • 
where  the  coefficients  CT,C  are  the.  functions 

T7     U 


and  the  second  member  is  an  inexact,  linear,  differential  expres- 
sion in  vyr.     We  thus  find 


(1) 


an  equation  which  asserts  that,  within  the  region  of  realizable 
aeriform  states,  the  function  $(r)  is  an  integrating  divisor  of 
the  i  heai-differential  ' 

crdv  +  cvdr 
of  the  body.* 

2.  The  absolute  temperature  is  uniquely  defined 

The  equation  (1)  completely  defines  the  absolute  temperature 
#(T).  For  when  an  integrating  factor  of  a  linear  differential 
form  is  a  function  of  one  of  the  variables  alone  it  is  unique  ; 
no  other  integrating  factor  is  a  function  of  this  variable  alone. 

For  the  special  case  of  two  independent  variables,  this  impor- 
tant theorem  may  be  proved  as  follows.  Let  &v&2  be  any  two 
integrating  factors  of  the  form 

eldx1  -f  C2dx2. 

*  It  must  be  remembered  that  this  heat-differential  is  such  only  with  ref- 
erence to  reversible  paths. 
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We  have 

(2) 


f  d^  =  ^(c^  +  c2dx2) 
\  du2  =  #3(0^  +  c2d.T2) ; 


whence  follows  that 
du. 


o. 


We  therefore  have 


where  /',  being  a  function  of  u2,  contains  both  variables  x^x2. 
Now,  from  the  equations  (2),  by  division, 

du}  —  ~  du2  • 

2 

wherefore,  on  comparison  with  (3), 


This  equation  shows  that  the  ratio  of  any  two  integrating  factors 
contains  both  of  the  variables.  If,  therefore,  any  integrating 
factor  is  a  function  of  one  of  the  variables  alone,  it  is  unique ; 
every  other  integrating  factor  contains  the  other  variable,  and 
may  contain  both  of  the  variables.  The  theorem  can  be  proved 
in  the  same  way  for  the  case  of  n  variables. 

3.   The  differential  equation  for  the  absolute  temperature 

By  means  of  the  two  laws  of  thermodynamics,  the  absolute 
temperature  of  our  thermometric  body  is  brought  into  connec- 
tion with  the  energy  of  the  body.  It  will  be  found  that  this 
connection  enables  us  to  express  the  definition  of  the  absolute 
temperature  by  means  of  properties  of  the  body  that  depend  in 
a  determinable  way  on  the  temperature  T. 

The  energy  e  of  the  body,  and  the  pressure  p  supported  by 
the  body,  are  uniformly  and  continuously  determined  by  the 
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thermodynamic  state  of  the   body.      They  can,  therefore,  be 
considered  to  be  differentiable  functions 


of  the  variables  v,r.  Writing  AV,Q  for  the  work  and  heat 
added  to  the  body  in  any  reversible  change  of  its  thermody- 
namic state  beginning  with  the  state  of  reference  in  which  the 
energy  e  has  the  assigned  value  zero,  the  energy  is  a  continuous 
function  of  W,Q, 

e  =  W  +  Q; 
and  we  have 

de  =  dW  +  eZQ. 

This  equation  can  be  replaced  by 
de  =  —  pdv  -f-  fids, 

(4) 

which,  as  stated,  connects  the  absolute  temperature  with  the 
energy.  Since  the  second  member  of  this  equation  is  an  exact 
differential,  the  connection  may  be  expressed  in  the  form 

d2e          d2e 


dvdr       drdv  ' 
i.  e.,  in  the  form 
(5)  dp_d»ds 

dr~~dr   dv' 

This  equation  expresses  the  definition  of  the  absolute  tem- 
perature by  means  of  thermodynamic  properties  of  the  body. 
For  equating  the  heat-differential  to  &ds  expresses  the  definition 
of  $,  and  the  relation  of  #  to  r  is  here  connected  with  the 
thermodynamic  properties  dp/dr  and  ds/dv  of  the  body.  The 
quantity  ds/dv,  however,  is  not  susceptible  of  direct  experi- 
mental determination.  But  the  relation,  obtained  from  (4), 

de  ds 


connects  it  with  quantities  whose  values  can  be  found  by  ex- 
perimental means  ;  wherefore  we  find,  on  eliminating  ds/dv 
between  (5),  (6), 
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(7) 


dp 
d  log  &  8r 


Se 


This  is  the  required  differential  equation  for  $.  From  it,  by 
integration,  the  desired  form  of  the  function  #(r)  can  be  found, 
when  the  forms  of  the  functions  p  and  de/dv  shall  have  been 
established  with  sufficient  accuracy  by  experimental  means. 
To  this  end  it  is  necessary  merely  to  determine  the  pressure  of 
the  mass  of  gas  at  different  volumes  and  temperatures,  and  the 
quantities  of  heat  that  it  absorbs  when  from  different  initial 
states  it  expands  into  a  vacuum. 

From  a  theoretical  point  of  view,  it  is  not  without  interest 
to  note  that  introduction  of  the  l  thermal  coefficients  ' 


transforms  (4)  to 

de  =  (—  p  +  cT)dv  -f  cdr  • 
whence 

de 

di  =  -P  +  e*'> 

wherefore  (7)  becomes 

d  log  &       I  dp 
dr       ~  CT  dr' 

This  is  a  very  simple  form  of  the  differential  equation  for  #  ; 
but,  as  has  been  stated,  the  thermal  coefficient  CT,  which  is  the 
rate  at  which  heat  is  absorbed  by  the  body  in  reversible  expan- 
sion at  constant  temperature,  is  not  susceptible  of  direct  experi- 
mental determination. 

4.  Properties  of  the  thermometric  gas 

For  the  purpose  of  integrating  the  differential  equation  for 
the  absolute  temperature,  let  us  consider  the  forms  that  experi- 
ment has  yielded  for  the  functions  p  and  de/dv  of  the  variables 
tyr. 

It  is  observed  that  the  pressure  of  a  given  mass  of  any  one 
of  the  more  permanent  gases  varies  approximately  inversely  as 
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the  volume  of  the  mass  when  the  temperature  is  constant.     We 
thus  have  the  Maw  of  Boyle/ 

(8)  pv=f(r). 

Further,  the  equation 

273 


expressing  the  '  law  of  Gay-Lussac '  and  the  definition  of  the 
scale  of  temperatures  T,  may  be  written 


T  T 


Eliminating  the  common  variable  v  between  (8),  (9), 


P 
or,  separating  the  variables, 


where  the  two  expressions,  being  functions  of  the  separate  vari- 
ables, must  be  equal  to  the  same  constant  r.  This  converts 
both  (8)  and  (9)  to 

p  v  =  r  r  • 

where  the  quantity  r  =  pv/r  is  constant  for  a  given  mass  of  a 
given  gas. 

Another  way  of  combining  (8),  (9)  is  to  note  that,  from  these 
respective  equations, 

d  log  v  1 

dp  ~P 

d  log  v  1 

~d~r +  TJ 

whence 

d  log  v  =  —  d  log  p  -f  d  log  T  ; 
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whence 

pv  =  rT, 
as  before. 

It  has  been  observed,*  further,  that  when  a  mass  of  a  gas  of 
the  type  under  consideration  expands  adiabatically  into  a  vacuum 
the  temperature  of  the  mass  remains  almost  unchanged.  Dis- 
regarding the  small  variation  of  temperature  actually  observed, 
we  have 

e(vvT}  —  e(vvT)  =  °  ; 

whence  follows 


This  equation  expresses  what  is  sometimes  known  as  the  '  law 
of  Joule/ 

The  thermodynamic  behavior  of  no  gas  conforms  exactly  to 
the  '  laws  '  of  Boyle,  Gay-Lussac,  and  Joule.  But,  under  low 
pressures  and  over  a  very  wide  range  of  temperatures,  the  more 
permanent  gases  do  behave  very  nearly  as  these  laws  prescribe. 

5.  The  form  of  the  absolute  temperature 

We  are  now  in  position  to  effect  an  approximately  correct 
integration  of  the  differential  equation  for  the  absolute  temper- 
ature, 

dp 

d  log  #  _       dr 
dr      ~~  de 


If  it  be  assumed  that  the  thermodynamic  behavior  of  the  selected 
thermometric  gas  sensibly  conforms  to  the  law  of  Joule, 

de 

K-* 

we  shall  have 

d  log  &      d  log  p 
<!T     ~     dr    ' 

If,  further,  the  behavior  of  the  gas  is  in  conformity  with  the 
laws  of  Boyle  and  Gay-Lussac,  we  have 

*  By  Gay-Lussac,  and  again  much  later  by  Joule. 
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rr       dp       r       d  log  p       1 

P  =  7'     ~dr  =  v>      ~for~=T' 

wherefore  the  differential  equation  for  $  becomes 

d  log  #  _  I 
~d^~   =r; 

integration  of  which  yields 

log  $  =  log  r  -f  log  a 
(11)  #  =  ar. 

The  value  of  the  constant  of  integration  a  shall  now  be  deter- 
mined by  the  condition  that  the  difference  between  the  absolute 
boiling  and  freezing  temperatures  of  water  under  the  pressure 
of  one  atmosphere  shall  be  one  hundred  degrees.  We  thus 
have,  by  (11), 

#(373)  =  a  -373 
#(273)  =  a  -273; 
whence,  by  subtraction, 

100  =  a-  100 

a=  1. 
Equation  (11)  accordingly  becomes 


It  thus  appears  that  the  scale  of  absolute  temperatures  is  identi- 
cal with  the  temperature  scale  of  a  constant  pressure  gas-ther- 
mometer filled  with  a  gas  whose  thermodynamic  behavior  con- 
forms to  the  laws  of  Boyle,  Gay-Lussac,  and  Joule. 

Over  an  extensive  range  of  temperatures,  a  very  good  ap- 
proximation to  the  scale  of  thermal  levels,  or  absolute  tempera- 
tures, is  given  by  gas-thermometers  filled  with  one  of  the  more 
permanent  gases,  as  hydrogen,  or  nitrogen,  or  air.  To  obtain 
a  closer  approximation,  it  is  necessary  to  determine  more  accu- 
rately, for  some  gas,  the  forms  of  the  functions  p  and  dejdv. 
Such  experimental  determinations  are  difficult,  and  they  have 
not  yet  led  to  formulations  that  exhibit  a  high  degree  of  ac- 
curacy throughout  an  extensive  range  of  states. 
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6.  Isothermal  variations  of  the  energy 

\Ye  shall  now  examine  a  means  of  experimental  study  of  the 
isothermal  variations  of  the  energy  of  a  gas,  when  these  varia- 
tions do  not  vanish  as  is  required  by  the  law  of  Joule.  It  will 
prove  convenient  to  adopt  p,r  as  the  independent  variables 
whose  values  determine  the  thermodynamic  state  of  unit  mass 
of  the  given  gas.  In  these  variables,  the  equation  for  the  dif- 
ferential of  the  energy  of  the  mass, 

de  =  —  pdv  -f  &ds, 
is  the  equation 


The  condition, 

d$  ds  dv 

dr  dp  ~     ~  dr 

for  the  integrability  of  the  second  member  of  (12),  converts  the 
equation 

de  dv           ds 

dp  ~  ^  dp           dp 
to 

de  dv        n  dv    d& 

_  _  _       1  1       /Y\  .  __     ____    ^N[  _  _  .  _    • 

dp  ~        ^  dp  dr  '  dr  ' 

whence  the  differential  equation  for  &  is  obtained  in  the  form 

dv_ 
d\og&_        -fr 

~      ~  ~- 


According  to  the  law  of  Joule,  the  pressure  derivative  de/dp 
is  zero.*     The  actual   value  of  this  derivative,  for  a  given 

*  From  e=e(v,r)  and  v  =  v(p,r)  we  have 

ae(p,r)  _de(v,T)  By  m 
dp  dv       dp  ' 

whence  it  appears  that  the  law  of  Joule  requires  that  de/dp  =  o. 
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gas  in  an  assigned  state,  can  be  determined  by  causing  the  gas 
to  stream  through  a  porous  plug  (of  fibrous  material)  in  a 
thermally  well  insulated  tube,  and  noting  the  pressure  and 
temperature  of  the  steady  stream  on  each  side  of  the  plug.  Dis- 
regarding the  negligibly  small  kinetic  energy,  these  quantities 
will  determine  the  change  of  the  energy  of  unit  mass  of  the  gas 
in  passing  from  the  one  state  to  the  other.  From  this  change 
of  energy,  and  the  known  specific  heat  of  the  substance,  can 
then  be  obtained  the  change  of  the  specific  energy  of  the  gas 
when  its  pressure  is  varied  at  constant  temperature. 

In  Fig.  12  let  the  lines  «,a  and  6,6  denote  the  boundaries 
of  unit  mass  of  the  gas  before  and  after  the  plug;  the  first 
state  being  determined  by  p,r,  and  the  second  by  p  -j-  8/>, 


p,T 

•#- 

p  +  Sp, 

T  +OT 

FIG.  12. 

T  +  ST.  Since  an  expression  for  de/dp  is  sought,  a  concluding 
change  of  temperature  at  constant  pressure  shall  be  supposed 
to  bring  the  mass  after  the  plug  to  the  state  p  +  &p,  T. 

In  the  total  process,  whereby  the  mass  is  brought  from  the 
state  j9,r  to  the  state  p  +  Sp,  T,  the  change  of  the  energy  of  the 
mass  is 

(14)  e(p  +  Sp,  T)  -  e(p,r)  =  ^  fy  ; 

by  Taylor's  theorem,  neglecting  terms  of  the  second  order. 

The  work  added  to  the  mass  is  the  work  p-v(p,r)  of  the 
pump  maintaining  the  pressure  p,  less  the  work  (p  -f  8p)-v(p 
-f  Sp,r  -f-  Sr)  of  the  mass  issuing  against  the  reduced  pressure 
p  -f  Sp,  i.  e.,  together 

-S(pv); 

less  the  product  of  the  final  pressure  into  the  increase  of  vol- 
ume dv/dr(  —  Sr)  in  the  concluding  change  of  temperature, 


The  total  work  added  is,  thus, 
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(p  +  Sp)  ~TSr 

dv  dv 


(15)  - 

Here,  again,  terms  of  the  second  order  are  neglected. 

The  heat  added  to  the  mass  is  added  in  the  concluding  change 
of  temperature  from  T  +  BT  to  T  at  constant  p  -f-  Bp, 


(16) 


Now,   from  (14),  (15),   (16),   by  the  first  law  of   thermo- 
dynamics, 

dv* 


whence 

de  (  dv\  BT 

(17)  -=r-  =  — 1 1*  -4-  i)  -z-  1  —  c   lim  rr~; 

dp  \  dpi  op 

where  £p,8r  are  the  observed  changes  of  the  pressure  and  tem- 
perature of  the  gas  on  passing  the  plug. 

For  a  gas  whose  thermodynamic  behavior  conforms  to  the 
laws  of  Boyle,  Gay-Lussac,  and  Joule,  we  have 

TT  dv  TT  de 

which  values  convert  (17)  to 

(rr       rr\  ..      BT 

]  —  c   hm  ~-; 
p       p  J        p        op 


whence,  since  c   =|=  o, 


8r 
hm  .—  =  o. 


The  temperature  of  such  a  gas  would  not  alter  on  passing  the 
porous  plug. 
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If  the  expression  given  by  (17)  for  the  pressure  derivative  of 
the  specific  energy  of  the  gas  be  introduced  into  the  differen- 
tial equation  (13)  for  the  absolute  temperature, 


we  obtain 
(18) 


8e 
~d~p 


dv' 

VTP 


d  log  $  _ 
~~ 


dv 

dr 


v  -f  c  hm~K- 

p         op 

d  log  v 


, 

1  +  -p  lira  F 
v          op 

The  accuracy  of  the  form  of  the  function  $(T)  obtained  by 
integration  of  this  equation  will  depend  on  the  accuracy  with 
which  the  forms  of  the  functions 

cs 


will  have  been  obtained  by  experiment. 


*  In  the  experiment  with  the  porous  plug,  the  change  of  state  of  the  gas 
satisfies  a  very  simple  general  equation.  When  the  stream  has  reached  a 
'steady  state,'  the  work  added  to  unit  mass  of  the  gas  in  the  operation  of 
passing  the  plug  is  the  work 


of  the  pump  maintaining  the  pressure  p,  less  the  work 

(P  +  fy,  r-f  dr) 


done  by  the  mass  in  issuing  against  the  reduced  pressure  p-\-$p\  i.e., 
together, 


In  so  far  as  the  operation  really  is  adiabatic,  the  change  of  the  energy  of 
unit  mass  of  the  gas  on  passing  from  the  steady  state  1  before  the  plug  to 
the  steady  state  2  after  the  plug  is,  then, 


which  relation  may  be  written 
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7.  Summary  of  Chapter  IV. 

It  is  sought  to  connect  the  absolute  temperature  #  with  the 
temperatures  T  of  the  scale  of  a  constant  pressure  gas-ther- 
mometer. To  accomplish  this,  the  definition  of  $  must  be  ex- 
pressed by  means  of  the  thermodynamic  properties  of  some 
aeriform  body. 

Within  the  region  of  realizable  aeriform  states  of  the 
selected  thermometric  body,  the  absolute  temperature  and  the 
entropy  of  the  body  are  differentiate  functions  #(T),  S(^,T). 
Consequently,  the  definition 


of  the  absolute  temperature  becomes 

crdv  +  cdr 
ds  =  -    -g-  -, 

and  asserts  that  $  is  an  integrating  divisor  of  the  heat-differ- 
ential of  the  body  with  regard  to  reversible  changes  of  state. 
This  assertion  uniquely  defines  $,  since  $  is  a  function  of  T  alone. 
The  two  laws  of  thermodynamics,  as  expressed  by 

de  =  —  pdv  +  fids, 

connect  the  absolute  temperature  and  the  energy  of  the  body. 
This  connection,  in  the  form 

d2e         d2e 
dvdr 
i.  e.j  in  the  form 


expresses  the  definition  of  $  by  means  of  thermodynamic  prop- 
erties of  the  thermometric  body.     By  means  of  the  relation 

de  ds 

—  =  -  p  +  &-^, 
dv  dv 

the  connection  in  question  is  made  to  express  the  definition  of 


If  we  write  g  for  the  quantity  e  +  pv,  this  equation  of  the  process  is  simply 


It  has  been  proposed  by  Kamerlingh  Onnes  to  term  the  quantity  y,  Gibbs's 
specific  heat  function  for  constant  pressure,  the  specific  enthalpy  of  the  gas. 
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$  by  means  of  quantities  whose  values  can  be  determined  by 
experimental  means, 

d\og&       dp       de 


When  this  equation  is  integrated  under  the  assumption  that 
the  thermodynamic  behavior  of  the  selected  thermometric  gas 
sensibly  conforms  to  the  laws  of  Boyle,  Gay-Lussac,  and  Joule, 
it  is  found  that  the  scale  of  absolute  temperatures  is  identical 
with  the  temperature  scale  of  a  constant  pressure  gas-thermom- 
eter filled  with  the  gas. 

To  obtain  a  more  accurate  result,  more  accurate  formulation 
of  the  functions  p,  de/dv  is  necessary.  The  quantity  de/dv  is 
not  susceptible  of  accurate  experimental  determination.  But 
the  values  of  the  equivalent  de(p,r)/dp  can  be  deduced  from 
observations  of  the  changes  of  pressure  and  temperature  exhib- 
ited by  the  gas  when  streaming  adiabatically  through  a  porous 
plug;  whereupon  the  relation  of  the  absolute  temperature  to 
the  temperature  of  the  gas-thermometer  filled  with  the  gas  is 
to  be  obtained  by  integrating  the  equation  in  p}r, 


d  log 


dv    /  de          dv\ 
~dr:\dp+Pdp)' 


CHAPTER   V.     DISSIPATION 

The  reversible  processes  considered  in  the  preceding  chapters 
consist  of  successions  of  quiescent  states.  They  are  not  actual 
physical  processes.  Every  actual  thermodynamic  change  of 
state  is  a  spontaneously  occurring  change  of  the  thermody- 
namic state  of  the  body  composed  of  all  the  bodies  participat- 
ing in  the  process.  It  is  an  irreversible,  adiabatic,  isodynamic  * 
operation.  And  it  can  always  be  utilized  for  the  production 
of  work.  Let  us  support  this  statement  by  the  consideration 
of  some  typical  cases. 

A  heavy  ball  falls  into  a  thermally  isolated  receptacle,  and 
the  common  temperature  of  the  ball  and  receptacle  rises  in 
consequence  of  the  impact.  If  a  cord  passing  over  a  pulley  is 
attached  to  the  ball,  the  process  may  be  made  to  yield  work,  as 
in  raising  another  body.  In  this  way  the  spontaneous  process 
may  be  retarded,  until  it  becomes  reversible  when  the  weight 
of  the  body  raised  is  but  infinitesimally  less  than  that  of  the 
ball.  In  this  operation  the  energy  of  the  ball  is  decreased  by 
the  amount  of  the  work  developed ;  and  the  final  state  reached 
in  the  wholly  irreversible  operation  can  be  reversibly  attained 
by  reversible  addition  of  a  quantity  of  heat  equal  to  the  work 
developed. f  In  consequence,  over  the  reversible  path  between 
the  end  states, 

Sc?Q 
-&><>•> 

in  the  spontaneous  process  the  ball  and  receptacle  pass  to  a 
state  whose  entropy  is  greater  than  that  of  the  initial  state. 
Another  spontaneous  change  of  state  is  the  adiabatic  expan- 
sion of  a  mass  of  gas  into  an  exhausted  receiver.  In  the  final 
state,  the  temperature  of  the  mass  may  prove  to  be  either  less 
than,  or  equal  to,  or  greater  than  the  initial  temperature. 
When  the  adiabatic  change  of  volume  is  conducted  reversibly, 
through  expansion  behind  a  piston  against  a  pressure  maintained 

*  Occurring  at  constant  energy. 

fSuch  addition  of  heat  maybe  effected  through  reversible  compression 
of  a  contiguous  mass  of  fluid,  —  say  a  mass  of  some  gas  or  of  coexistent  liquid 
and  vapor. 

84 
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infinitesimally  less  than  the  pressure  exerted  by  the  mass  of 
gas,  work  is  developed  at  the  expense  of  the  energy  of  the  mass 
of  gas,  and  the  final  temperature  is  lower  than  before.  Re- 
versibly  to  attain  the  former  final  state,  a  quantity  of  heat 
equal  to  the  work  developed  must  be  reversibly  added.  Over 
the  reversible  path  between  the  end  states, 


in  the  spontaneous  process  the  mass  of  gas  passes  to  a  state 
whose  entropy  exceeds  that  of  the  initial  state. 

The  outcome  is  the  same  when  the  spontaneous  change  of 
state  of  the  mass  of  gas  is  an  adiabatic  compression.  Let  the 
mass  be  contained  in  a  vertical  cylinder  under  a  frictionless 
piston  whose  weight  w  per  unit  area  a  of  its  under  surface  is 
greater  than  the  initial  value  pl  of  the  pressure  p  of  the  gas, 

w/a  >  pr 

On  releasing  the  piston,  irreversible  adiabatic  compression  of  the 
gas  ensues ;  and,  when  the  system  of  bodies  comes  to  rest,  the 
pressure  w/a  exerted  by  the  piston  is  counterbalanced  by  the 
pressure  p2  of  the  gas.  Let  it  be  supposed  that  no  sensible 
transfer  of  heat  from  the  gas  to  the  cylinder  and  piston  occurs. 


Pi- 


no. 13. 

Now,  on  a  reversible  path  between  the  end  states  of  the  system 
of  bodies,  consider  a  reversible  adiabatic  compression  of  the 
gas  to  occur  as  the  fall  of  the  piston  is  retarded  by  a  force  but 
infinitesimally  less  than  w/a  — •  p.  The  entropy  s1  of  the  gas 
remains  unchanged.  At  the  close  of  the  compression,  the 
pressure  w/a  exerted  by  the  piston  is  counterbalanced  by  the  pres- 
sure p2  of  the  gas,  and  work  has  been  developed  at  the  expense 
of  the  energy  of  the  gas.  Reversibly  to  restore  the  system  to 
its  former  final  state,  a  quantity  of  heat  equal  to  the  work 
developed  must  be  reversibly  added  to  the  gas ;  on  the  reversi- 


86  PRINCIPLES   OF    THERMODYNAMICS 

ble  path  between  the  end  states,  the  gas  passes  to  a  state  of  in- 
creased entropy.  In  the  irreversible  process,  therefore,  the 
entropy  of  the  final  state  of  the  gas  necessarily  exceeds  that  of 
the  initial  state. 

Another  spontaneous  change  of  state  is  the  equalization  of 
the  initially  different  temperatures  of  two  metal  blocks.  This 
adiabatic  change  of  state  of  the  blocks  can  be  conducted  rever- 
sibly through  intervention  of  a  succession  of  cyclical  opera- 
tions (see  p.  32),  in  which  heat  is  absorbed  from  the  hot 
block  and  is  transmitted  to  the  cold  one.*  When  the  hot  block 
reaches  the  final  temperature  attained  in  the  irreversible  process, 
some  of  the  heat  developed  by  it  has  been  converted  into  work, 
and  less  than  before  has  been  transmittted  to  the  cold  block. 
In  order  to  equalize  the  temperatures,  the  succession  of  cycles 
must  be  continued,  with  further  development  of  work  and  the 
attainment  of  a  lower  final  temperature  of  the  blocks  than 
before.  Reversibly  to  attain  the  former  final  state,  a  quantity 
of  heat  equal  to  the  work  developed  must  be  reversibly  added 
to  the  blocks.  Over  the  reversible  path  between  the  end  states 

^->o; 

in  the  spontaneous  process  the  blocks  pass  to  a  state  whose  en- 
tropy exceeds  that  of  their  initial  state. 

Yet  another  spontaneous  change  of  state  is  the  dilution  of  an 
aqueous  solution  of  cane  sugar  by  an  added  mass  of  water. 
When  this  irreversible  adiabatic  process  is  conducted  reversibly 
(see  p.  55),  by  means  of  a  semipermeable  piston,  work  is  gained 
and  the  energy  of  the  liquid  mass  is  decreased  by  the  amount 
of  the  work  developed.  Reversibly  to  restore  the  mass  to  the 
final  state  attained  in  the  irreversible  process,  a  quantity  of  heat 
equal  to  the  work  developed  must  be  reversibly  added.  Over 
the  reversible  path  between  the  end  states, 


in  the  spontaneous  process  the  liquid  mass  passes  to  a  state 
whose  entropy  exceeds  that  of  the  initial  state. 

*  Refer  to  page  34,  where  it  was  remarked  that  "The  final  temperature 
of  the  blocks  is  not  the  temperature  that  would  have  been  attained  had  the 
process  occurred  in  a  wholly  spontaneous  way  —  without  development  of 
work.  The  bearing  of  this  important  observation  will  be  made  the  subject 
of  Chapter  V." 
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From  illustrations  such  as  these  is  drawn  the  general  con- 
clusion that  any  spontaneously  occurring  change  of  the  thermo- 
dynamic  state  of  a  body  can  be  utilized  for  the  production  of 
work.  The  assemblage  of  all  the  bodies  participating  in  the 
operation  may  be  regarded  as  a  dynamically  and  thermally 
isolated  body.  If  the  change  of  state  of  this  isolated  body  is 
conducted  in  a  reversible  (controlled)  manner,  the  maximum 
work  that  the  process  can  yield  is  gained ;  if  the  change  occurs 
in  a  wholly  irreversible  (uncontrolled,  or  spontaneous)  manner, 
the  maximum  work-developing  ability  that  the  body  can  lose 
is  lost,  being  '  dissipated '  in  transfers  of  heat.  In  the  rever- 
sible process,  the  energy  of  the  whole  body  is  decreased  by  the 
amount  of  the  work  that  is  developed  ;  wherefore  the  final 
state  attained  in  the  irreversible  process  can  be  reversibly 
reached  on  addition,  to  the  body,  of  the  positive  quantity  of 
heat  equivalent  to  this  work.  In  consequence,  the  limit, 

SdQ, 
7' 

taken  over  any  reversible  path    between  the  two  end  states, 
necessarily  has  a  positive  value. 

In  other  words,  whenever  an  isolated  body  suffers  an  irre- 
versible (uncontrolled,  or  spontaneous)  change  of  state,  the 
body  passes  to  a  state  in  which  its  entropy  is  greater  than  its 
entropy  in  the  initial  state.  This  statement  might  very  well 
be  termed  the  Third  Law  of  Thermodynamics.  Were  it  so 
termed,  the  general  principles  of  thermodynamics  would  be 
expressed  by  three  'laws':  the  energy  law,  the  entropy  law, 
and  the  dissipation  law.  Although  this  is  the  most  instructive 
view  of  the  matter,  the  term  '  third  law  of  thermodynamics '  is 
not  in  use. 


CHAPTER  VI.     SUMMARY  OF  BOOK  I. 
Thermometry 

Any  measurable  physical  property  of  a  body,  that  is  a  con- 
tinuous, uniform,  and  increasing  (or  decreasing)  function  of  the 
degree  of  hotuess  of  the  body,  is  a  thermometric  property  of  the 
body.  Any  uniform,  analytic,  and  increasing  (or  decreasing) 
function  of  a  chosen  thermometric  property  of  a  chosen  sub- 
stance defines  a  scale  of  the  temperatures  of  the  body.  The 
scale  of  temperatures, 
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of  a  constant  pressure  gas-thermometer  is  defined  in  this  way. 

Physical  Processes 

An  ensemble  of  changes  of  the  physical  properties  of  an 
assemblage  of  bodies  is  a  physical  process.  Physical  processes 
may  be  classified  in  accordance  with  the  degree  in  which  the 
physical  character  of  the  participating  bodies  is  modified.  Of 
all  physical  processes  the  mechanical  processes  are  the  least  deep 
seated.  In  any  purely  mechanical  process  the  sum  of  the 
potential  and  kinetic  energies  of  the  participating  bodies  re- 
mains constant. 

Changes  of  State 

A  body  is  a  material  object  or  assemblage  of  objects,  from 
which  no  portion  is  removed  and  to  which  no  extraneous  mat- 
ter is  added.  When  the  physical  character  of  a  body  under- 
goes no  alteration,  the  body  is  in  a  (quiescent)  physical  state. 
When  the  body  passes  from  one  state  to  another  it  undergoes 
a  definite  change  of  state.  The  path  of  an  actual  change  of 
state  is  the  actual  succession  of  *  non-quiescent  states.  '  A 
continuous  succession  of  quiescent  states  —  of  '  states'  -  —  is  a 
reversible  path.  With  reference  to  any  given  change  of  the 
physical  state  of  a  body,  the  supplementary  change  of  state  is 
the  associated  change  of  state  of  the  body  composed  of  all  the 
other  bodies  in  any  way  participating  in  the  process. 
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Mechanical  Aspects  of  Changes  of  State 

Many  supplemented  changes  of  the  physical  states  of  bodies 
can  be  brought  '  directly '  (without  intervention  of  an  inter- 
mediate change  of  state),  or  '  indirectly  '  (through  intervention 
of  friction),  or  both  directly  and  indirectly,  into  exclusive  con- 
nection with  mechanical  operations.  Every  such  change  of 
state  is  directly  supplemented,  wholly  or  in  part  or  not  at  all, 
by  a  mechanical  operation  ;  and,  in  so  far  as  it  is  not  so  supple- 
mented, it  either  is  or  can  be  supplemented  by  a  mechanical 
operation  acting  through  intervention  of  friction,  or  it  can  be 
replaced  by  a  mechanical  operation  acting  through  intervention 
of  friction. 

When  two  bodies  undergo  such  mutually  supplementary 
changes  of  state,  the  quantity  of  mechanical  energy  developed 
by  either  one  of  the  bodies  is  the  quantity  of  mechanical  energy 
added  to  the  other.  And  the  mechanical  energy  developed  in 
the  mechanical  operation  that  can  for  the  rest  supplement  one  of 
the  changes  of  state  and  replace  the  other,  on  the  actual  paths 
of  these  changes  of  state,  is  the  quantity  of  heat  added  to  the 
body  undergoing  the  supplemented  change  of  state,  and  is  the 
negative  of  the  quantity  of  heat  added  to  the  body  undergoing 
the  replaced  change  of  state. 

Thermodynamic  Changes  of  State 

We  are  concerned,  then,  with  supplemented  changes  of  state, 
not  purely  mechanical,  that  can  be  brought  directly  or  indi- 
rectly or  both  directly  and  indirectly  into  connection  with 
mechanical  operations.  The  states  of  a  body,  attainable  through 
such  changes  of  state,  constitute  the  continuous  assemblage  of 
the  thermodynamic  states  of  the  body.  All  such  changes  of  state, 
and  also  all  possible  changes  of  the  state  of  an  isolated  body 
from  one  thermodynamic  state  to  another,  are  thermodynamic 
changes  of  state.  The  study  of  thermodynamic  changes  of  state 
is  thermodynamics. 

The  First  Law  of  Thermodynamics 

It  is  sought  to  establish  a  quantitative  formulation  of  thermo- 
dynamic changes  of  state,  through  examination  of  the  relations 
that  these  processes  bear  to  mechanical  changes  of  state.  To 
this  end,  it  is  sought  to  define  the  <  energy  of  a  body '  in  such 
a  way  that  the  total  energy  of  the  bodies  participating  in  any 
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thermodynamic  process  will  remain  constant.  If  such  a  quan- 
tity exists,  it  must  satisfy  the  definition  :  The  energy  of  a  body 
in  any  thermodynamic  state  x  is  a  quantity  Ex  -f  Eo,  whose 
change  Uafe  when  the  body  undergoes  a  change  of  thermo- 
dynamic state  from  the  state  a  to  the  state  6  is  equal  to  the 
algebraic  sum  of  the  quantities  of  mechanical  energy  Maft  and 
heat  Qai  added  to  the  body  in  the  course  of  the  change  of  state, 


To  establish  whether  Ua6  is  equal  to  the  change  of  a  quantity 
Ex  -f-  Eo  whose  value,  save  for  an  arbitrary  additive  constant,  is 
uniquely  determined  by  the  thermodynamic  state  x  of  the  body, 
it  is  necessary  and  sufficient  to  establish  that  Uafe  is  indepen- 
dent of  the  path  of  the  change  of  state  ab.  That  this  condition 
is  satisfied  is  indicated  by  the  results  of  extended  experimental 
study  of  processes  in  which  mechanical  operations  supplement 
changes  of  the  temperatures  and  changes  of  the  states  of  aggre- 
gation of  bodies,  and  of  processes  in  which  various  changes  of 
thermodynamic  state  supplement  changes  of  the  temperatures 
of  other  bodies  and  often  mechanical  actions  as  well.  It  is 
held,  therefore,  that 


which  equation  expresses  the  first  law  of  thermodynamics.  This 
great  generalization  is  abundantly  justified  by  the  extended 
and  exact  agreement  of  its  consequences  with  experience. 
The  agreement  is  certainly  within  the  limits  of  experimental 
error. 

The  heat-unit  determined  by  the  quantity  of  mechanical 
energy  requisite  to  raise  unit  mass  of  water  through  the  tem- 
perature interval  T  —  rr  =  1  is  the  calory.  When  expressed 
in  mechanical  units,  the  calory  is  often  termed  the  mechanical 
equivalent  of  heat.  It  is,  practically,  the  l  specific  heat'  of 
water  at  rr. 

Formulation  of  Heat  Transfers 
In  order  to  express  the  first  law  of  thermodynamics, 
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by  means  of  quantities  determined  by  the  thermodynamic  state 
of  the  body  undergoing  the  change  of  state  ab,  it  is  necessary 
to  express  the  terms  Ma6  and  Qtt&  by  means  of  such  quantities. 
With  regard  to  a  reversible  path,  the  quantity  Ma6  is  the  work 
Wab  of  forces  supported  by  the  body.  The  work  of  such  a  force 
is  the  product  of  the  force  into  the  effected  displacement;  and 
the  force  and  the  displacement  are  quantities  that  are  determined 
by  the  state  of  the  body.  The  work  ~Wab  depends  in  general  on 
the  path  ;  therefore  the  concurrent  transfer  of  heat  Qa6  depends 
on  the  path.  It  is  required  to  show  whether  this  transfer  of 
heat  can  be  expressed  by  means  of  quantities  determined  by  the 
thermodynamic  state  of  the  body. 

The  operation  of  a  Carnot  cycle  of  thermodynamic  changes 
of  the  state  of  a  body  is  analogous  to  the  operation  of  a  freight 
elevator  transporting  an  increment  of  load  between  different 
heights.  In  the  case  of  the  elevator,  when  the  heights  and  the 
transferred  quantities  of  potential  energy  and  of  work  are  given, 
the  transfers  of  potential  energy  can  be  analytically  expressed, 
through  the  formulation 


by  means  of  quantities  that  are  uniquely  determined  by  the 
state  of  the  elevator,  and  whose  values  can  be  found  from  the 
given  data.  In  the  analogous  thermodynamic  case,  when  the 
temperatures  and  the  transferred  quantities  of  heat  and  of  work 
are  given,  is  the  relation 


satisfied  by  quantities  #,S  that  are  uniquely  determined  by  the 
state  of  the  working  body,  and  whose  values  can  be  found  from 
the  given  data  ? 

The  Thermal  Level  of  a  Body 

Pursuing  the  guiding  analogy,  the  increase  d-n  —  &  of  thermal 
level  corresponding  to  any  increase  rn  —  T  of  temperature  is 
defined  by  the  number  of  Carnot  cycles  in  any  '  series  '  of  such 
cycles  between  the  two  temperatures,  —  and  the  level  unit  is 
arbitrary.  From  the  principle  that  an  isothermal  development 
of  heat  cannot  supplement  an  absorption  of  work  is  deduced 
the  theorem  of  Carnot,  that,  with  reference  to  any  Carnot  cycle 
absorbing  Q  at  r,  absorbing  W,  and  operating  between  r,rn, 
the  ratio  Q/W  is  determined  by  T,rn.  From  the  theorem  of 
Carnot  it  follows  that  &n  —  &  is  determined  by  r;rn. 
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If  the  posited  relation 

dQ  =  MS 

is  satisfied  by  quantities  #,S  determined  by  the  state  of  the 
body,  the  relation 

(1)  Q.,  -  »($e  ~  Sa) 

must  be  satisfied.  In  particular,  Qaj3  must  be  independent  of 
the  isothermal  path  a/3.  It  follows  from  Carnot's  theorem  that 
this  requirement  is  fulfilled.  Further,  on  a  reversible  adiabatic 
path,  S  must  satisfy  dS  =  o  ;  wherefore  the  relation 

(2)  W[Qag,l°]=Sfl-S<, 

must  be  satisfied.  Since  both  (1  ),  (2)  must  be  satisfied,  it  fol- 
lows that  $  must  satisfy 


By  Carnot'  s  theorem,  the  thermal  level  #  defined  by  this  equa- 
tion is  determined  by  T  alone. 

TJie  Thermal  Load  of  a  Body 
It  remains  to  establish  whether  the  relation 
dQ  =  MS 

is  satisfied  by  the  differential  of  a  quantity  S  that  is  uniquely 
determined  by  the  thermodynamic  state  of  the  body  and  can  be 
found  from  the  given  data.  In  any  Carnot  cycle  in  which  the 
working  body  absorbs  Q  at  T  and  absorbs  —  Qn  at  rn,  the  ther- 
mal levels  $,$n  are 

*=Q/W,         0.-Q./W; 
whence 


If  any  reversible  closed  path  of  change  of  the  thermodynamic 
state  of  the  body  can  be  approximated  by  a  succession  of  iso- 
thermal and  adiabatic  paths  belonging  to  a  succession  of  Carnot 
cycles  ;  and  if  the  quantity  of  heat  absorbed  on  the  closed  path 
is  the  limit  of  the  sum  of  the  quantities  of  heat  absorbed  on  the 
broken  path  ;  which  assumptions  appear  to  be  fulfilled  ;  we 
shall  have 
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the  summation  being  taken  over  the  closed  path.  It  follows 
that  the  expression  dQ/#  is  equal  to  the  differential  of  a  quan- 
tity S  determined  by  the  thermodynamic  state  of  the  body. 
This  conclusion  is  the  second  law  of  thermodynamics. 

It  thus  appears  that  the  thermodynamic  state  of  a  body 
uniquely  determines  quantities  $,S  that  can  be  found  from 
the  given  data  and  are  such  that 


Accordingly,  in  the  formulation 


-f 


any  reversible  transfer  Qa6  of  heat  to  or  from  the  body,  on 
any  assigned  path  <£(#,S)  =  o,  is  analytically  expressed  by  means 
of  quantities  determined  by  the  thermodynamic  state  of  the 
body.  In  consequence,  in  the  equation 


6  a  ab 

the  first  law  of  thermodynamics  is  expressed  by  means  of  such 
quantities.  The  '  thermal  level '  ft  and  the  <  thermal  load  '  S 
are  the  absolute  temperature  and  the  entropy  of  the  body. 

Determination  of  Absolute  Temperatures 

To  connect  the  absolute  temperature  ft  with  the  tempera- 
tures r  of  the  scale  of  a  constant  pressure  gas-thermometer,  the 
definition  of  ft  must  be  expressed  by  means  of  thermodynamic 
properties  of  some  aeriform  body. 

Within  the  region  of  realizable  aeriform  states  of  the  selected 
thermometric  body,  the  absolute  temperature  and  the  entropy 
of  the  body  are  differentiate  functions  $(T),  s(v,r).  Conse- 
quently, the  definition 


of  the  absolute  temperature  becomes 

cTdv  -f  c 
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and  asserts  that  &  is  an  integrating  divisor  of  the  heat-differen- 
tial of  the  body  with  regard  to  reversible  changes  of  state. 
This  assertion  uniquely  defines  $,  since  &  is  a  function  of  T 
alone. 

The  two  laws  of  thermodynamics,  as  expressed  by 

de  =  —  pdv  -j-  &ds, 

connect  the  absolute  temperature  and  the  energy  e(v,r)  of  the 
body.  This  connection,  in  the  form 

d*e         d'2e 
dvdr  ~  drdv ' 
i.  6.,  in  the  form 

dp_d$ds 
~dr~drdv> 

expresses  the  definition  of  &  by  means  of  thermodynamic  prop- 
erties dpjdr  and  ds/dv  of  the  body.  By  means  of  the  relation 

de  ds 


the  connection  in  question  is  made  to  express  the  definition  of 
$  by  means  of  quantities  whose  values  can  be  determined  by 
experimental  means, 

d  log  $  _  dj 


The  accuracy  of  the  form  of  $(T)  to  be  obtained  by  integra- 
tion of  this  differential  equation  for  the  absolute  temperature 
depends,  of  course,  on  the  accuracy  with  which  the  forms  of  the 
functions  p  and  de/dv  shall  have  been  determined  by  experi- 
ment. It  appears  that,  if  a  constant  pressure  gas-thermometer 
could  be  filled  with  with  a  gas  whose  thermodynamic  behavior 
should  conform  to  the  '  laws '  of  Boyle,  Gay-Lussac,  and  Joule, 
the  temperature  scale  of  this  thermometer  would  be  identical 
with  the  scale  of  absolute  temperatures,  —  unit  difference  of 
temperature  being  determined  in  the  same  way  for  both  scales. 

Dissipation 

Reversible  processes  consist  of  successions  of  quiescent  states. 
They  are  not  actual  processes.  Every  actual  thermodynamic 
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change  of  state  is  a  spontaneously  occurring  change  of  the  thermo- 
dynamic  state  of  the  body  composed  of  all  the  bodies  partici- 
pating in  the  process ;  it  is  an  irreversible  change  of  the  state 
of  a  dynamically  and  thermally  isolated  body. 

Every  change  of  the  thermodynamic  state  of  an  isolated  body 
can  be  utilized  for  the  production  of  work.  If  the  actual 
change  of  state  ab  be  conducted  on  a  reversible  path,  work  is 
gained  at  the  expense  of  the  energy  of  the  body ;  and  this  loss 
of  energy  must  be  made  up  by  addition,  to  the  body,  of  the 
positive  quantity  of  heat  equivalent  to  this  work.  It  follows 
that,  when  an  isolated  body  passes  irreversibly  from  the  ther- 
modynamic state  a  to  the  thermodynamic  state  b,  the  state  b  is 
necessarily  such  that 

S,  -  S „  >  o. 


BOOK  II.    THE  THERMODYNAMICS  OF  BODIES  SUB- 
JECT TO  NO  FOECE  OTHER  THAN  A  UNIFORM 
AND  NORMALLY  DIRECTED  PRESSURE 

PART  I.     GENERAL  APPLICATION  OF  THE  PRINCIPLES 


CHAPTER  I.     THE  CRITERION  OF  EQUILIBRIUM 
AND  STABILITY 

i.  The  stability  of  thermodynamic  states 

In  the  foregoing  discussion,  the  general  principles  of  the 
thermodynamics  of  bodies  subject  to  the  action  of  any  mechani- 
cal forces  have  been  given  expression  in  three  laws  :  the  energy 
law,  the  entropy  law,  and  the  dissipation  law.  We  shall  now 
consider  the  bearing  of  these  laws  upon  the  thermodynamic 
behavior  of  bodies  that  may  be  assumed  to  be  subject  to  no 
force  other  than  a  uniform  and  normally  directed  pressure.  In 
particular,  the  influence  of  gravity  upon  this  behavior  shall  be 
assumed  to  be  negligible. 

It  will  be  noted,  at  the  outset,  that  an  isolated  body  when  in 
certain  thermodynamic  states  is  capable  of  spontaneous  changes 
of  state,  while  in  other  states  it  is  incapable  of  such  changes. 
Consider  any  body  in  any  definite  thermodynamic  state.  If 
the  body  be  encased  in  a  rigid,  thermally  non-conducting  shell, 
it  becomes  a  dynamically  and  thermally  isolated  body,  and  its 
state  remains  unaltered.  In  this  state,  the  body  may  be  in- 
capable of  an  irreversible  change  of  state  ;  or  it  may  be  capable 
of  such  a  change.  If  it  be  capable  of  such  a  change,  it  may  be 
that  the  change  will  originate  spontaneously,  or  it  may  be  that 
occurrence  of  the  process  is  prevented  by  some  existing  passive 
resistance  to  change.  In  the  absence  of  a  passive  resistance, 
different  parts  of  the  body  may  exert  different  pressures,  which 
will  immediately  become  equalized  ;  or  they  may  exhibit  dif- 
ferent temperatures,  which  will  at  once  tend  to  attain  a  common 
value  ;  or  the  body  may  be  a  mass  of  liquid  just  beginning 
evaporation  into  an  exhausted  space ;  or  it  may  just  be  enter- 
ing upon  a  slow  or  a  turbulent  chemical  reaction.  In  the  pres- 
ence of  a  passive  resistance,  it  may  be  that  parts  of  the  body 
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exerting  different  pressures  are  separated  by  rigid  walls ;  or 
that  parts  of  the  body  having  different  temperatures  are  sepa- 
rated by  non-conducting  walls ;  or  that  separated  parts  of  the 
body  are  capable  of  forming  homogeneous  mixtures,  or  of  re- 
acting chemically  ;  or  that  a  liquid  and  its  vapor  coexist  at  a 
temperature  below  the  freezing  temperature  of  the  liquid  (are 
'  supercooled ? ) ;  or  that  a  mass  of  detonating  gas  or  of  dyna- 
mite remains  quiescent  in  the  absence  of  any  circumstance 
capable  of  producing  an  explosion.  In  every  such  case,  the 
possible  irreversible  change  of  the  thermodynamic  state  of  the 
body  can  be  initiated  by  some  means ;  and  when  this  is  done 
the  process  will  proceed  spontaneously  until  a  state  is  attained 
where  further  spontaneous  change  is  impossible. 

When  a  body,  under  the  conditions  imposed  upon  it,  is  in- 
capable of  a  spontaneous  change  of  its  thermodynamic  state, 
the  state  is  said  to  be  stable;  in  the  contrary  case  the  state  is 
said  to  be  instable.  An  isolated  body  in  an  instable  state  can 
be  made  to  furnish  a  supply  of  work ;  in  a  stable  state  it  can- 
not be  made  to  furnish  a  supply  of  work  —  it  is  in  a  state  of 
'  dissipated  energy/ 

2.  The  criterion  of  stability 

In  any  stable  state,  a  body  has  a  uniform  pressure  and  a  uni- 
form temperature.  If  the  body  be  enclosed  in  a  flexible,  freely 
extensible  envelope  surrounded  by  an  elastic  medium  having 
the  same  uniform  pressure  and  temperature,  the  state  of  the 
body  will  remain  stable.  Let  it  be  supposed,  now,  that  any 
chosen  body  enclosed  in  such  an  envelope  surrounded  by  such 
a  medium  is  initially  in  any  state  that  is  not  a  stable  state  under 
the  pressure  p  of  the  medium  at  the  temperature  $  of  the  me- 
dium. A  spontaneously  occurring  change  of  the  thermodynamic 
state  of  the  enclosed  body  will  ensue,  either  spontaneously  in- 
itiated or  suitably  induced ;  and  the  body  will  thereby  attain  a 
state  that  is  a  stable  state  under  the  pressure  p  at  the  tem- 
perature $.  Let  us  examine  what  information  concerning  this 
process  is  afforded  by  the  principles  of  thermodynamics. 

It  shall  be  supposed  that  the  envelope  is  impermeable  by  any 
of  the  substances  with  which  it  is  in  contact,  that  it  yields  with 
extreme  slowness  under  differences  of  pressure,  and  that  it  per- 
mits only  extremely  slow  equalization  of  differences  of  tempera- 
ture. It  shall  also  be  supposed  that  its  compressibility  and  heat 
capacity  are  negligible;  wherefore  a  change  of  the  energy  of 
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the  envelope  does  not  come  into  consideration.  The  medium 
surrounding  the  envelope  shall  be  understood  to  be  of  such  ex- 
tent  that  its  pressure  and  temperature  maintain  the  sensibly 
constant  values  p,$. 

Let  the  initial  volume,  entropy,  and  energy  of  the  enclosed 
body  be  ~VV  S19  Ep  and  the  final  values  of  these  quantities  be 
V,  S,  E.  And  let  the  volume,  entropy,  and  energy  of  the 
medium  change  from  V1?  Sp  Ep  to  V,  S,  E.  The  change  occur- 
ring in  the  state  of  the  medium  is  reversible,  because  of  the 
manner  in  which  the  envelope  acts.  Accordingly, 

dE  =  -  pdV  + 
whence,  by  integration, 


Rearranging  the  terms  of  this  equation, 

E  +  PV  _  #S  =  E1  +  p 


Now,  the  total  energy  and  the  total  volume  of  the  participating 
bodies  do  not  alter  in  the  process  that  occurs  ;  their  total  en- 
tropy, however,  increases  by  an  amount  2.  We  thus  have, 


_    E-    E=-          - 


Adding  the  four  equations,  we  find 

E1  +  PV1  -  #SL  =  E 
or 

Et  -  E  =  -p(y,  -  V)  +  «?(S1  -  S)  +  ^2. 

In  addition  to  the  essentially  positive  quantity  $2,  this 
formulation  involves  only  quantities  relating  to  the  end  states 
of  the  body  within  the  envelope.  It  may  be  written 

SE  =  -  pSV  +  #SS  +  #2, 

where  the  operator  S  relates  to  a  variation  of  the  state  of  the 
enclosed  body  from  the  stable  state  at  pfl  to  any  state  that  is  not 
a  stable  state  at  p,$.  The  variation  need  be  physically  realizable 
only  in  the  opposite  sense  :  in  that  of  the  change  from  the 
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'  varied  state  '  (Vv  Sp  Ex)  to  the  stable  state  (V,  S,  E).     The 
term  #2  being  positive,  we  have 


(1)  8E  +  joSV  -  #88  >  o. 

It  thus  appears  that,  when  the  body  within  the  envelope  has 
the  uniform  pressure  p  and  the  uniform  temperature  $,  the 
thermodynamic  state  of  the  body  is  a  stable  state  if  all  possi- 
ble variations  of  the  energy,  volume,  and  entropy  of  the  body 
satisfy  the  inequality  (1). 

The  above  reasoning  does  not  take  into  consideration  the 
case  in  which  the  body  is  capable  of  a  continuous  succession  of 
stable  states  at  pft.  Such  a  succession  is  traversed  in  the  re- 
versible evaporation  of  a  given  mass  of  a  one-component  fluid 
(e.  g.,  of  water)  at  an  assigned  temperature.  In  this  case  the 
body  will  pass  spontaneously  from  no  state  of  the  succession  to 
another  state.  If  the  change  through  the  intervening  succes- 
sion of  stable  states  be  reversibly  effected,  we  shall  have 

S  +  8  -  B!  +  8,, 

and  so,  in  the  calculation  executed  above, 

Ei  +  py,  -  #sx  =  E  +  pv  -  #s, 

or 


Combining  both  cases  in  one  formulation,  it  appears  that, 
when  a  body  having  the  uniform  pressure  p  and  the  uniform 
temperature  #  is  enclosed  in  the  envelope  here  considered,  the 
thermodynamic  state  of  the  body  is  stable  if  all  possible  varia- 
tions of  the  energy,  volume,  and  entropy  of  the  body  satisfy 
the  criterion  of  stability, 

SE  +    SV  -  #88  >  o. 


3.  Stability  under  imposed  conditions 

With  reference  to  any  variation  from  a  state  that  is  stable 
at  pft  to  a  state  that  is  not  stable  at  p,$,  we  have 

8E+p8V-#8S>o. 

If  the  stable  state  and  the  varied  state  have  : 
The  same  E,V,  the  criterion  becomes  SS  <  o 

"       "     Y,S,     "         "  "  &E  >  o 
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The  same  V,#,  the  criterion  becomes  S(E  —  #S)  >  o 


"       "     ;>,#,     "         "  "  S(E  +  pV  -  #S)  >  o. 

It  thus  appears  that,  under  assigned  conditions  of  unvaried 
energy  and  volume,  stable  equilibrium  ensues  when  the  entropy 
of  the  body  is  a  maximum  ;  it  ensues  at  assigned  volume  and 
entropy  when  the  energy  is  a  minimum  ;  at  assigned  volume 
and  temperature  when  the  quantity  E  —  #S  is  a  minimum  ;  at 
assigned  pressure  and  entropy  when  the  quantity  E  -f-  pV  is  a 
minimum  ;  and  at  assigned  pressure  and  temperature  when  the 
quantity  E  +  pV  —  $S  is  a  minimum.  Yet,  of  course,  none 
of  these  particular  conditions  need  be  imposed.  The  varied 
state  may  in  general  be  any  thermodynamic  state  whatsoever. 

4.  Summary  of  Chapter  I. 

The  thermodynamic  state  of  a  body  is  '  stable7  when  the 
body,  under  the  conditions  imposed  upon  it,  is  incapable  of  a 
spontaneous  change  of  state.  When  the  body  is  in  a  stable 
state,  its  pressure  and  temperature  are  uniform  throughout. 

Application  of  the  energy  law,  the  entropy  law,  and  the  dis- 
sipation law  to  an  irreversible  process  conducting  a  body  to  a 
stable  state  at  an  assigned  temperature  under  an  assigned  pres- 
sure yields  the  equations 

E  +  pV  -  #S  =  Et  +  PV,  -  &SL 
E  +    E  =  E1  +  EL 
V  +  V  =  Vx  +  V, 

S  +    s  =  St  +  S1     +2. 

From  these  equations  it  follows  that  the  thermodynamic  state 
of  a  body  supporting  the  uniform  pressure  p  and  having  the 
uniform  temperature  #  of  the  contiguous  bodies  is  stable  if  in 
every  possible  variation  of  the  state  the  concurrent  variations 
of  the  energy,  the  volume,  and  the  entropy  of  the  body  satisfy 
the  '  criterion  of  stability/ 


In  this  criterion,  the  quantities  pfl  are  the  constant  pressure 
and  temperature  of  the  given  state.  When  the  varied  state  is 
not  stable  under  the  imposed  conditions,  the  sign  of  inequality 
obtains  ;  when  the  varied  state  is  stable  under  these  conditions, 
the  sign  of  equality  obtains. 


CHAPTER  II.     ANALYTICAL  FORMULATION  OF  THE 
ENERGY  AND  ENTROPY  LAWS 

i.  The  problem 

It  will  be  of  advantage,  at  this  point,  to  recapitulate  the 
results  of  the  preceding  discussion  of  the  first  and  second  laws 
of  thermodynamics.  The  energy  of  a  body  subject  to  changes 
of  thermodynamic  state  depends  on  the  work  W  and  heat  Q 
absorbed  by  the  body  on  any  reversible  path  from  a  state  of 
reference  ;  and  the  application  of  the  energy  law  to  the  body  is 
expressed  by  the  equation 

E  =  W  +  Q. 
Hence  follows 

dE  =  dW  +  dQ. 

We  are  at  present  concerned  with  the  application  of  this  dif- 
ferential equation  to  the  thermodynamic  behavior  of  a  body 
subject  to  no  force  other  than  a  uniform  and  normally  directed 
pressure  p.  For  this  case  it  is  desired  to  express  the  equation 
by  means  of  quantities  that  are  determined  by  the  state  of  the 
body.  The  quantities  W,Q  are  not  so  determined,  the  inde- 
pendent differentials  <fW,<iQ  are  not  the  differentials  of  quan- 
tities determined  by  the  state.  Yet  these  differentials  can  be 
expressed  by  means  of  such  quantities.  In  the  formulations 


dW=-pdV, 

they  are  expressed  by  inexact  differential  expressions  in  quan- 
tities p,~V  and  $,S  that  depend  solely  on  the  thermodynamic 
state  of  the  body.  For,  by  the  first  law  of  thermodynamics, 
the  energy  E  of  the  body  is  uniquely  determined  by  this  state  ; 
by  the  second  law,  the  absolute  temperature  &  and  the  entropy 
S  are  determined  by  the  state  ;  and,  according  to  physical  ex- 
perience, the  pressure  p  and  the  volume  V  of  the  body  are 
determined  in  the  same  way.  Therefore,  in  the  equation 

(1)  dE  = 


the  energy  and  entropy  laws  are  analytically  expressed  by 
means  of  quantities  that  are  determined  by  the  state  of  the  body 
to  whose  thermodynamic  behavior  the  equation  is  applied. 
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Now,  although  in  equation  (1)  the  two  laws  of  thermody- 
namics are  expressed  by  an  analytical  relation  between  quantities 

E,  p,  V,  &,  S, 

that  are  determined  by  the  state,  yet  these  laws  are  not  ex- 
pressed by  a  relation  between  analytic  functions  of  independent 
measurable  physical  quantities  (variables)  that  determine  the 
state.  If  the  physical  quantities  in  question  could  be  replaced 
by  such  functions,  the  equation 


would  afford  an  analytical  theory  of  the  thermodynamic  behavior 
of  the  body.  For  it  would  express  this  behavior  by  means  of 
relations  between  the  pressure  and  temperature  of  the  body 
and  the  volumes,  masses,  and  compositions  of  its  several  homo- 
geneous parts. 

2.  The  general  state  of  a  body 

We  are  thus  led  to  enquire  whether  it  is  practicable  to  ex- 
press the  quantities 

E,  p,  V,  &,  S, 

by  analytic  functions  of  variables  that  determine  the  general 
state  of  the  given  body. 

In  different  regions  of  the  thermodynamic  state  of  a  given 
body,  the  body  appears  in  different  '  states  of  aggregation.5 
Thus  in  one  such  region  the  body  may  consist  of  a  homogene- 
ous mass  of  vapor  ;  in  a  contiguous  region  it  may  consist  of 

coexisting  masses  of  liquid  and  vapor. 
Within  any  such  region  of  states,  work 
and  heat  are  absorbed  by  the  body  at 
continuous  rates  on  any  reversible  path  ; 
.1  but  these  rates  are  observed  to  be  dis- 
_y  continuous  when  the  body  passes  from 
one  region  to  another.  For  example, 

in  a  reversible  isothermal  compression  of  a  vapor  from  a  state 
1,  the  work  absorbed  by  the  compressed  body  is 


-  f 

c/l 


where  the  continuous  function  p(V)  is  the  pressure  supported 


ANALYTICAL    FORMULATION  103 

by  the  body  at  states  on  the  isotherm.  In  a  like  compression 
of  the  coexisting  liquid  and  vapor,  from  a  state  2  on  the  bound- 
ary of  the  region  of  coexistent  liquid  and  vapor,  the  work  ab- 
sorbed is 


-fpdV, 


where  p  is  the  constant  vapor  pressure  of  the  body.  At  the 
point  2,  the  rate  at  which  work  is  absorbed,  per  unit  isothermal 
change  of  volume,  changes  discontinuously  from  the  variable 
value  p(V)  to  the  constant  value1  p. 

Again,  it  does  not  appear  that  the  states  of  different  regions 
of  the  state  of  a  given  body  can  be  specified  by  values  of  the 
same  physical  variables.  For  example,  any  homogeneous  state 
of  a  given  mass  of  water  is  determined  by  any  two  of  the  three 
variables,  the  pressure  p,  the  volume  V,  and  the  temperature  r 
of  the  body ;  but  the  variables  p,r  cannot  be  chosen  to  deter- 
mine a  state  of  coexisting  liquid  and  vapor,  since  when  both  p 
and  r  are  constant  the  masses  of  liquid  and  vapor  can  coexist 
in  any  ratio  ;  and  no  combination  of  the  variables  determines 
a  state  of  coexisting  ice,  liquid,  and  vapor,  since  this  state  can 
be  varied  by  heating  without  altering  the  value  of  any  of  the 
variables. 

Since,  then,  the  state  of  a  body  may  change  discontinuously 
when  the  body  passes  from  one  continuous  region  of  thermo- 
dynamic  states  to  another ;  and  since  the  general  state  of  the 
body  cannot  be  specified  by  a  single  set  of  independent  physical 
variables ;  it  seems  to  be  impracticable  to  attempt  to  express 
the  quantities 

E,  p,  V,  »,  S 

by  analytic  functions  of  variables  determining  the  general  stale 
of  the  body. 

3.  Phases 

It  is  open  to  us,  however,  to  look  upon  any  body  in  a  hetero- 
geneous state  as  an  assemblage  of  bodies  in  homogeneous  states. 
In  this  view,  the  energy,  volume,  and  entropy  of  the  body  will 
be  considered  to  be  determined  by  the  energies,  volumes,  and 
entropies  of  the  several  homogeneous  portions  of  which  the 
body  is  composed. 

Some  of  the  realizable  thermodynarnic  states  of  any  given 
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body  are  homogeneous  states,  other  are  heterogeneous  states. 
In  a  heterogeneous  state  the  body  may  consist  of  separate  por- 
tions constituting  separate  bodies,  as  when  the  portions  are  a 
mass  of  alcohol  and  a  glass  vessel  containing  it.  Or  the  body 
may  consist  of  coexistent  portions  in  different  states  of  aggre- 
gation, as  when  the  portions  are  a  mass  of  solid  salt  and  an 
overlying  layer  of  saturated  brine.  In  the  latter  case,  a  change 
of  state  of  the  body  will  in  general  involve  transfers  of  masses 
from  some  of  the  constituent  homogeneous  portions  to  others. 
Such  coexistent  states  of  aggregation  are  termed  phases.  A 
phase  shall  always  be  understood  to  be  physically  and  chemically 
homogeneous.  It  may  be  a  solid,  a  liquid,  or  a  vapor  ;  and  it 
may  be  composed  of  any  number  of  independent  component 
substances.  A  body  consisting  of  r  coexistent  phases  is  said 
to  be  in  an  '  r-phase  state ';  when  r  =  1  the  body  is  in  a  '  one- 
phase  state/ 

Under  the  general  assumption  here  made,  that  the  bodies 
under  consideration  are  subject  to  no  force  other  than  a  uniform 
and  normally  directed  pressure,  it  is  assumed  that  the  influence 
of  gravity  on  the  thermodynamic  state  of  a  phase  may  be 
neglected.  It  shall  be  assumed  also  that  in  every  solid  phase 
the  pressure  is  the  same  in  every  direction.  And  it  shall  be 
assumed  that  "  The  variations  of  the  parts  of  the  energy  and 
entropy  which  depend  upon  the  surfaces  separating  hetero- 
geneous masses  are  so  small  in  comparison  with  the  variations 
of  the  parts  of  the  energy  and  entropy  which  depend  upon  the 
quantities  of  these  masses,  that  the  former  may  be  neglected 
by  the  side  of  the  latter ;  in  other  words,  we  will  exclude  the 
considerations  which  belong  to  the  theory  of  capillarity.*"  It 
will  be  found  that  the  influence  of  gravity,  of  states  of  strain 
in  solids,  of  capillary  tension,  and  of  electrical  actions,  can 
best  be  treated  in  separate  discussions. 

When  an  n-component  body  is  in  a  definite  r-phase  state,  it 
is  an  assemblage  of  r  bodies  —  the  phases.  Each  of  these 
bodies  has  a  definite  energy  and  a  definite  entropy.  And 
since  these  bodies  can  be  brought  together,  without  change  of 
energy  or  entropy,  to  form  the  ^-component  body,  the  energy 
and  the  entropy  of  the  n-component  body  in  its  definite  state 
are  the  sums  of  the  energies  and  the  entropies  of  the  constituent 
phases.  But  the  thermodynamic  state  of  an  ?i-component  body 
can  be  continuously  varied  in  a  region  of  r-phase  states  ;  i.  e., 

*Gibbs.     Scientific  Papers.     L,  62. 
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it  can  be  varied  without  the  disappearance  of  any  phase  or  the 
formation  of  a  new  phase  ;  and  when  the  body  is  brought  from 
one  state  to  another  in  the  region  of  r-phase  states  the  mass  of 
each  phase  in  general  varies,  and  the  composition  of  the  phase 
may  vary.  In  other  words,  none  of  the  phases  is  a  '  body.7 
In  each  new  state  of  the  n-component  body  the  energy  and  the 
entropy  of  the  body  are  the  sums  of  the  energies  and  the  en- 
tropies of  its  phases..  Now,  how  do  the  energy  and  the  entropy 
of  a  phase  of  variable  component-masses  vary  when  the  phase 
changes  from  one  state  to  another?  From  the  definite  con- 
cepts of  the  energy  and  the  entropy  of  a  body,  we  require  to 
establish  the  concepts  of  the  energy  and  the  entropy  of  a  phase. 

4.  The  energy  of  a  phase 

Let  a  phase  composed  of  any  n  independent  components  be 
given  in  any  realizable  quiescent  state.  The  energy  of  the 
given  phase  is  determined  by  the  quantities  of  work  and  heat 
that  are  absorbed  in  any  process  of  forming  the  phase  from  its 
components  when  these  are  taken  in  the  '  states  of  reference  ' 
from  which  their  individual  energies  and  entropies  are  reckoned. 
In  like  manner,  the  entropy  of  the  given  phase  is  the  limit 


where  the  indicated  summation  is  taken  over  any  reversible 
path  on  which  the  process  of  formation  can  be  conducted  or 
can  be  supposed  to  be  conducted.  The  energy  and  the  entropy 
of  the  phase,  as  thus  defined,  are  uniquely  and  continuously 
determined  by  the  state  of  the  phase.  The  volume  of  the  phase 
being  likewise  uniquely  and  continuously  determinate,  it  ap- 
pears that  the  energy,  the  volume,  and  the  entropy  of  any  given 
phase  can  be  represented  by  uniform  analytic  functions  of  any 
independent  measurable  physical  variables  that  suffice  to  de- 
termine the  state  of  the  phase.  Such  variables  are  the  uniform 
temperature  #  of  the  phase,  the  uniform  pressure  p  that  it  sup- 
ports, and  the  masses 


of  its  independent  components. 

A  change  of  the  energy  of  a  phase  is  obviously  connected 
with  the  quantities  of  work  and  heat  directly  added  to  the 
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phase,  and  with  the  concurrent  variation  of  the  masses  of  the 
independent  components  of  the  phase.  The  general  nature  of 
this  connection  may  be  examined  in  the  following  way.  Let 
the  definite  independent  component-masses  that  constitute  a 
phase  in  any  one  of  its  realizable  states  be  separately  given  in  a 
<  state  of  reference/  in  which  state  each  separate  mass  supports 
an  assigned  pressure  pr  at  an  assigned  temperature  #r.  In  this 
state  of  reference,  the  energy  of  unit  mass  of  any  one  of  the 
components  has  an  assigned  value,  which  is  zero  or  a  constant. 
Let  the  given  separate  masses  now  be  conjoined,  and  the  re- 
sulting body  be  allowed  to  pass  to  some  definite  state,  which 
may  or  may  not  be  a  homogeneous  state,  under  the  pres- 
sure pr  at  the  temperature  #r.  In  this  process  the  energy  and 
entropy  of  the  body  change  by  a  definite  amount,  and  so  ac- 
quire values  that  are  wholly  determined  by  the  given  masses  of 
the  n  independent  components.* 

By  reversible  compression  or  expansion  and  heating  or  cool- 
ing, the  body  can  be  brought  from  its  new  state  to  every  reali- 
zable state  in  which  it  is  homogeneous,  i.  e.,  to  every  realizable 
state  of  the  phase  that  can  be  formed  from  the  given  component- 
masses.  In  any  such  operation,  the  change  of  the  energy  of 
the  body  is  determined  by  the  concurrent  changes  of  its  volume 
and  entropy.  For,  without  changing  the  volume  (by  com- 
pressing or  expanding)  or  the  entropy  (by  heating  or  cooling), 
the  state  cannot  be  changed  ;  wherefore  a  given  change  of  state, 
and  therefore  the  concurrent  change  of  energy,  is  determined 
by  the  concurrent  change  of  volume  and  entropy.  It  follows 
that  the  energy  of  the  phase  is  determined  by  the  phase's  vol- 
ume and  entropy,  together  with  the  masses  of  its  independent 
components.  The  energy  being  continuously  and  uniformly 
determined,  we  reach  the  conclusion  that  the  energy  of  a  phase 
consisting  of  variable  masses  of  n  independent  component  sub- 
stances can  be  expressed  by  a  uniform  analytic  function  of  the 
volume,  the  entropy,  and  the  component-masses  of  the  phase. 
The  energy  Ef  of  the  i-th  phase  of  a  given  body  is  a  uniform 
analytic  function, f 

E..(V<,  S,  M,.,  M,,...M,,); 

*  The  argument  is  this  :  The  continuous  ensemble  of  the  bodies  that  con- 
stitute the  phase  in  all  its  states  can  be  brought  from  the  states  of  reference 
(pr,&r)  of  the  components  into  a  definite  continuous  ensemble  of  staffs  at 
pr,&r  ;  in  which  ensemble  of  states  the  energy,  the  volume,  and  the  entropy  of 
the  ensemble  of  bodies  are  determined  by  the  component-masses. 

f  See  Appendix. 
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where  the  subscript  i  distinguishes  the  phase,  and  the  quanti- 
ties V.,  S.  may  be  considered  to  be  uniform  analytic  functions 
of  the  independent  variables, 


Ma,-..Mfa. 


5.  Homogeneity 

Consider  a  homogeneous  body  in  a  quiescent  state  and  having 
the  volume  V^,  the  entropy  St.,  and  the  component-masses  Mt.p 
M.2,  •  .  .  Min..  The  energy  of  an  assemblage  of  t  such  masses, 
when  t  is  any  real  number,  will  be 


Mn,  Mi2, 


If  the  t  masses  are  conjoined,  a  homogeneous  mass  will  be 
formed  without  change  of  the  total  volume  or  the  total  entropy 
of  the  masses.  So  the  energy  of  the  new  mass  will  be 


Ma, 


No  work  or  heat  having  been  absorbed  in  this  process,  the 
energy  of  the  resulting  total  mass  is  equal  to  the  total  energy 
of  the  originally  given  separate  masses, 


=  t  •  Ef(  V;,  S,,  Mn,  M 


.2, 


In  other  words,  a  £-fold  change  of  the  volume,  entropy,  and 
component-masses  of  a  phase  effects  a  £-fold  change  of  the 
energy  of  the  phase  ;  the  uniform  analytic  function  E£  of  the 
variables 

V,,  S,,  M,,,  Mi2,  ...M* 

is  a  homogeneous  function  of  the  first  degree  in  these  variables. 

6.  The  energy  of  a  body 

Since  the  energy  of  a  body  in  any  state  of  a  given  region  of 
r-phase  states  is  equal  to  the  sum  of  the  energies  of  the  r  con- 
stituent phases,  this  energy  can  be  given  the  analytical  expression 

E  =  Ex  +  E2  +  .  .  .  +  Er. 

In  this  formulation  the  energy  of  the  body,  with  reference  to 
the  given  region  of  states,  is  expressed  as  a  function  of  the 
volumes,  the  entropies,  and  the  component-masses  of  the  con- 
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stituent  phases.     The  relation  is  subject  to  the  n  equations  of 
condition, 

Mv+  Mv  +  -  -  •  +  Mn.  =  M.,     (j  =1,2,.  .  .  w) 

which  expresses  that  E  is  the  energy  of  the  body  composed  of 
the  constant  masses 

Mlf  M2,  ...M. 

of  the  n  independent  components. 

With  reference  to  the  given  region  of  states,  the  volume  V 
and  the  entropy  S  of  the  body  are  expressed  by  the  relations 


7.  The  differential  of  the  phase-energy 

For  any  constant  values  of  the  component-masses,  the  dif- 
ferential of  the  phase-energy 


s 


Now,  by  the  two  laws  of  thermodynamics,  the  differential  of 
the  energy  of  the  body  composed  of  these  constant  component- 
masses  is 

dE.=  -pd~V.  +  #dS., 

where  pfi  are  the  pressure  and  temperature  of  the  body.  The 
first  of  these  equations  can  be  identical  with  the  second,  for  all 
constant  values  of  the  component-masses,  only  if  it  is  generally 
true  that 


If,  then,  we  write 


for  the  derivative  of  the  energy  of  the  phase  with  regard  to  the 
mass  of  the  j-ih  component,  the  differential  of  the  energy  of  the 
phase  is 

dEi  =  -  pdV, 
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The  function  p{.  is  termed  the  potential  of  the^'-th  component 
in  the  i-ih  phase  of  the  body. 

The  energy  of  a  phase  composed  of  the  variable  mass  M.  of 
a  single  component  is  a  homogeneous,  uniform,  analytic  func- 
tion of  the  first  degree, 


and  the  differential  of  this  phase-energy  is 

dE.  =  -  pdV.  +  0dS. 
By  Euler's  theorem  of  homogeneous  functions,  the  functions 

E,    V.,    S,    ^ 
and  the  variables 

P,     #,     M., 
satisfy  the  relation 


In  the  independent  variables  p,  $,  1VL,  the  differential  of  the 
phase-energy  is 


8.  Summary  of  Chapter  II. 

The  application  of  the  energy  and  entropy  laws  to  the 
thermodynamic  behavior  of  a  body  subject  to  no  force  other 
than  a  uniform  and  normally  directed  pressure  is  expressed  by 
the  relation, 


between  quantities  E,  p,  V,  #,  S  that  are  determined  by  the  state 
of  the  body.  It  is  desired  to  replace  these  physical  quantities 
by  uniform  analytic  functions  of  independent  measurable  physical 
variables  that  determine  the  state  ;  to  the  end  that  the  relation 
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shall  afford  an  analytical,  theory  of  the  thermodynamics  of  the 
body. 

Since,  however,  the  state  of  the  body  changes  discontinuously 
when  the  body  passes  from  one  continuous  region  of  ther mo- 
dynamic  states  to  another ;  and  since  the  general  state  of  the 
body  cannot  be  specified  by  a  single  set  of  independent  varia- 
bles ;  it  seems  impracticable  to  attempt  immediate  replacement 
of  the  quantities  in  question  by  analytic  functions  of  variables 
determining  the  general  thermodynamic  state  of  the  body. 

It  is  practicable,  however,  to  consider  a  body  in  a  hetero- 
geneous state  as  an  assemblage  of  bodies  in  homogeneous  states ; 
and  so  to  consider  the  energy,  volume,  and  entropy  of  the 
assemblage  of  bodies  as  determined  by  the  energies,  volumes, 
and  entropies  of  its  homogeneous  parts.  But  the  heterogeneous 
body  may  be  an  assemblage  of  phases,  which  are  not  bodies. 
Yet  the  energy,  volume,  and  entropy  of  such  a  body  remain 
the  sums  of  the  energies,  volumes,  and  entropies  of  its  phases; 
and  these  latter  quantities  are  determinate. 

For  the  energy  and  entropy  of  a  phase  are  determined  by 
the  quantities  of  work  and  heat  absorbed  in  the  formation  of 
the  phase  from  its  components  when  these  are  taken  in  the 
states  of  reference  from  which  their  individual  energies  and 
entropies  are  reckoned.  Thus  defined,  the  energy  and  entropy 
of  the  phase  are  uniquely  and  continuously  determined  by  the 
state  of  the  phase,  and  so  can  be  replaced  by  uniform  analytic 
functions  of  the  pressure,  temperature,  and  component-masses 
of  the  phase.  Further,  the  continuous  ensemble  of  the  bodies 
that  constitute  the  phase  in  all  its  states  can  be  brought  from 
the  states  of  reference  (pr,  $r)  of  the  components  into  a  con- 
tinuous ensemble  of  states  at  pr,  #r,  in  which  ensemble  of  states 
the  energy,  volume,  and  entropy  of  the  ensemble  of  bodies  are  de- 
termined by  the  component-masses.  The  change  of  the  energy 
of  any  body  of  the  ensemble  of  bodies,  when  the  body  is  then 
brought  to  any  homogeneous  state,  is  determined  by  the  con- 
current change  of  the  volume  and  entropy  of  the  body.  Con- 
sequently, the  general  energy  of  the  phase  is  uniquely  and  con- 
tinuously determined  by  the  volume,  the  entropy,  and  the 
independent  component-masses  of  the  phase;  and  so  can  be 
expressed  by  a  uniform  analytic  function  of  these  variables. 
And  since  a  phase  with  l-fo\d  volume,  entropy,  and  component- 
masses  has  t-fo\d  energy,  this  uniform  analytic  function  is 
homogeneous  and  of  the  first  degree. 
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On  differentiating  the  energy, 


of  the  i-th  phase  of  a  body  in  an  r-phase  state,  and  comparing 
with  the  relation 

dE.=  -pdV.  +  ddS., 

which  must  be  satisfied  when  the  component-masses  have  any 
constant  values,  it  appears  that  the  differential  of  the  energy  of 
the  phase  is, 


In  the  case  of  a  one-component  phase, 


.  =  —  pdV. 


.. 


and  the  quanities  E^,  Vt.,  S.,  p.  may  be  considered  to  be  functions 
of  the  independent  variables  p,  $,  M{. 


APPENDIX 
The  Energy  of  a  Phase 

The  reasoning  employed  in  the  text  (p.  106),  to  establish 
that  the  energy  of  a  phase  is  an  analytic  function  of  the  volume, 
entropy,  and  component-masses  of  the  phase,  is  perhaps  made 
more  clear  by  comparison  with  the  summary  statement  given 
on  p.  110.  The  end  may  be  sought  in  another  way,  through 
consideration  of  the  elimination  of  p,#  between  the  three  given 
equations, 

E  =  E(p,#,M's) 

Y  =  V(>,#,M's) 
S  = 


whose  second  members  are  uniform  analytic  functions  of  the 
variables. 

Let  it  be  supposed  that  the  equations 

y  _  V(p,#,M's)  =  o 
S  —  S(p,$,M's)  =  o 
are  satisfied  by  the  particular  values 

Pl,     &„     M.-8,     V,,     S,; 

and  that  the  first  members  of  these  equations  are  continuous 
functions  of  the  arguments  for  values  in  the  neighborhood  of 
the  system  just  given.  Since,  now,  the  derivatives, 


ay 


ay 

dfr 


as 


dp 


exist  and  are  continuous  in  the  neighborhood  of  this  system  of 
values  ;  and  the  determinant 

ay    av 


dp 

as 


as 
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does  not  vanish  for  this  system  of  values  (i.  e.,  V,S  are  inde- 
pendent functions)  ;  we  have 

p  =  ^(V&M's) 


which  values  of  pft  satisfy  the  original  equations,  and  reduce 
to  pv^l  when  V,S,M's  become  V^S^M/s.     Moreover,  <t>v<f>2 
possess  partial  derivatives  of  the  first  order  (Goursat,  Mathe- 
matical Analysis,  Hedricks  translation,  p.  145). 
So  we  have 

E  =  E(<#>1(V)S,M's),^(V,S,M's),M's) 


and  Ej  is  a  continuous  function  of  its  arguments.  Accord- 
ingly, the  function  Ej  can  be  expressed,  with  any  desired 
accuracy,  by  an  analytic  function  of  ~V,S,M's. 
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